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Motivation

A - self-adjoint operator on a Hilbert space H.

Projection method
{ej}∞j=1 - orthonormal basis of H,
Ln := Span {e1, . . . , en},
Mn := [〈Aej, ek〉]njk=1 - n×n matrix approx. of A.

Question
lim
n→∞

Spec Mn = Spec A ?

Answer
Not necessarily!
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Spectral pollution

lim
n→∞

Spec Mn = Spec A ?

“6⊆” - spectral pollution.
“6⊇” - indicates lack of approximation.

- Natural conditions on Ln ⇒ “⊇”.
- Ensuring “⊆” is much harder in general.

Spec A = SpecdiscA ∪ SpecessA

- Eigenvalues outside the extrema of SpecessA are safe.
- Portions of Spec Mn can accumulate in the resolvent set

between any two points of SpecessA.
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A concrete example

Perturbed band-gap Schrödinger operator

H = L2(R2), f ∈ H2(R2),

Hf(x, y) = −∆f(x, y) + V (x, y)f(x, y),

V (x, y) = cos(x) + cos(y) − ke−(x2+y2),

Floquet-Bloch technique SpecessH

Spec H ≈ [−.75,−.69] ∪ [.21, .57] ∪ [.91,∞)

∪{possibly isolated evs}

Test spaces:
Ls,h - FEM in a mesh of max element size h > 0 with

support in [−s, s]2 and C1 in R
2. Adapted mesh.
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A typical mesh
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The Schrödinger operator

The 200 eigenvalues of Ms,h near to -0.1 for s = 50 : 5 : 100.
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Why does pollution occur?

Πn - orthogonal projection onto Ln. Mn = ΠnA ↾ Ln.

F̃n(x) := min
06=u∈Ln

‖Πn(x − A)u‖

‖u‖
.

µ ∈ SpecMn ⇐⇒ F̃n(µ) = 0,

⇐⇒ ∃ v ∈ Ln s.t. (µ − A)v ⊥ Ln.

As ‖(µ − A)v‖/‖v‖ is not guaranteed to be small,
we have no indication whether µ is close to
SpecA or not.
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Approximate spectral distances
Why not look instead at

Fn(x) := min
06=u∈Ln

‖(x − A)u‖

‖u‖
.

Fn(x) ≥ inf
Dom(A)

‖(x − A)u‖

‖u‖
= ‖(x−A)−1‖−1 = dist[x, Spec A].

Strategy:
use the profile of Fn(x) for x ∈ R and n large to
estimate points in SpecA.

Fn(x) −→
n→∞

dist[x, Spec A].

[Davies & Plum, 2004]
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How to computeFn(x)?

If Ln ⊂ Dom(A2) and Qn(x) := Πn(x − A)2 ↾ Ln,

Fn(x)2 = minLn

〈Πn(x−A)2u,u〉
‖u‖2

= least sing.val.[Qn(x)]

=: Gn(x).

Profile of Fn(x)

l
finding singular values on a 1-D mesh.

N.B. For this we need the orthogonal projection associated to L.
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A projection-type approach

Gn(z) = least sing.val.[Qn(z)] = min06=u∈Ln

‖Πn(z−A)2u‖
‖u‖

Surface: Gn(z)

Black Line: F 2
n
(x)

Black Dots: zeros
of Gn

Red Dots: Spec A

Semi-disks:

Forbidden region
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Gn(z) = 0 ⇐⇒ det Qn(z) = 0

Strategy: find the points of Spec Qn near to R
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The quadratic projection method

L = Span{b1, . . . , bn}, bk - linearly independent.
B = [〈bj, bk〉]n1 , M = [〈Abj, bk〉]n1 , R = [〈Abj, Abk〉]n1 .

Q(z) := z2B − 2zM + R z ∈ C

- Q(z) = Q(z)∗,
- Typically SpecQ ∩ R = ∅, unless we are lucky!

“Relative second order spectrum” of A.

[Davies, Shargorodsky, Levitin, Strauss, B]
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First crucial result

Q(z) = [〈(z − A)2bj, bk〉]n1 .

D(a, b) := {w ∈ C : |w − (a + b)/2| < (b − a)/2}.

Theorem A. [Shargorodsky, 2000]

Suppose that (a, b) ∩ Spec A = ∅. If z ∈ D(a, b),
then Q(z) is non-singular.

Moreover.
Let ζ = µ + iν. If G(ζ) = 0, then |ν| ≥ F (µ) and
F (ζ) = ν2.
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Second crucial results

Theorem B. [B, 2006]

If E ∈ Specdsc A, (under natural conditions on Ln)

∃λn ∈ Spec Qn : λn −→
n→∞

E.

Assume that Au = Eu and E simple. There exists b > 0 and c > 0

independent of L satisfying the following. If 0 < δ < c and L ⊂ DomA2

is such that

∃v ∈ L, ‖Ap(v − u)‖ < δ, p = 0, 1, 2,

then there exists µ ∈ SpecQ such that |µ − E| < bδ1/2.
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In other words...

Theorem A ⇒
Points in Spec Q which are
close to R are necessarily
close to Spec A.

⇒
Spec Q

does not
pollute.

Theorem B ⇒
Under natural additional conditions,
some points of Spec Qn approach to
eigenvalues of A.

Specdsc A ⊆
(

R ∩ lim
n→∞

Spec Qn

)

⊆ Spec A.
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For periodic Schrödinger
H = −∆ + cos(x) + cos(y) − (5.5)e−(x2+y2).

Dots:
SpecQs,h.

Here:
s = 89,

adapted mesh

on [−s, s]2
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eigenvalue at ≈ −0.295247 ± 10−5
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An open problem

Let Ω ⊂ R
2, consider the following pencil problem

(C)

{

λ∆u − grad div u = 0

u|∂Ω = 0

[Cosserat 1898, Mikhlin 1973]

Specess(C) := {λ ∈ R : op not Fredholm}
= {0, 1} ∪ [1/2 − a, a + 1/2]

Claim [Costabel-Dauge, 2000]
∂Ω = (polygon) ⇒ a > 0.

Problem.
Study Specdisc(C) when Ω = [−1, 1] × [−ε, ε].
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An easier problem

u(x, y) =

(

sin(εnπy)u(x)

cos(εnπy)v(x)

)

u and v - DBC at 0,1

⇒











λ(u′′ − ε2n2π2u) + ε2n2π2u + εnπv′ = 0

λ(v′′ − ε2n2π2v) − v′′ − εnπu′ = 0

u(0) = v(0) = u(1) = v(1) = 0

⇒ λ = 1
2

(

1 ± nεπ
sinh(εnπ)

)

Perhaps the eigenvalues of (C) for Ω = [−1, 1] × [−ε, ε]
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Cosserat
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Cosserat
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Final Remarks

- Tested: multiplication operators, Stokes type
systems, Schrödinger operators with band-gap spectrum.

- Stability: Theorems A and B can be extended to
accommodate perturbation of the coefficients.

- Dirac (in progress with N. Boussaid, M. Levitin).

- Essential spectrum?
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Proof of Theorem B

Aφ = Eφ, E-discrete, δ = dist[E, Spec A \ {E}].

• Gn(z)−1 - subharmonic in SpecQn.
• Gn(E) → 0 as n → ∞ (easy).
• Given 0 < ε < δ/4, ∃N > 0, a > 0:

Gn(z) ≥ a ∀ ε ≤ |z − E| ≤ δ/4, n ≥ N .

A-bdd ‖Πnφ − φ‖ → 0

A-unbdd ‖Ap(Πnφ − φ)‖ → 0, p = 0, 1, 2

Πn = Π2
n 6= Π∗

n additionally max{λmax(Bn), λmin(Bn)−1} ≤ a

Bn = [〈bj, bk〉]njk=1 Πnv =
∑

αk(v)bk
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Limit sets of pseudospectra

D = {|z − E| ≤ δ/4} C = {ε < |z − E| ≤ δ/4}

D\C
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Given ε > 0, exists a > 0 and N > 0 such that ∀n > N ,
- there is no a-pseudospectrum of Qn in C

- a-pseudospectrum of Qn intersects D \ C
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Evidence

H = −∆ + V

Specess H =
⋃∞

1 [αk, βk]

Ms,h - matrix approximation of H in L2(R2)

- matrix approximation of Hs = H, Dbc in L2(−s, s)2

SpecMs,h “→” Spec Hs as h → 0.
SpecHs “→” SpecH from above s → ∞.

Let E > α1. There exist sn → ∞ and hn → 0,
such that E ∈ Spec Msn,hn

for all n ∈ N.
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