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Regularized total least squres problems
Total Least Squares Problem

The ordinary Least Squares (LS) method assumes that the system
matrix A of a linear model is error free, and all errors are confined to
the right hand side b. In practical applications it may happen that all
data are contaminated by noise.

Heinrich Voss Total Least Squares Manchester, March 2007



Regularized total least squres problems
Total Least Squares Problem

The ordinary Least Squares (LS) method assumes that the system
matrix A of a linear model is error free, and all errors are confined to
the right hand side b. In practical applications it may happen that all
data are contaminated by noise.

If the true values of the observed variables satisfy linear relations, and
if the errors in the observations are independent random variables with
zero mean and equal variance, then the total least squares (TLS)
approach often gives better estimates than LS.
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Regularized total least squres problems
Total Least Squares Problem

The ordinary Least Squares (LS) method assumes that the system
matrix A of a linear model is error free, and all errors are confined to
the right hand side b. In practical applications it may happen that all
data are contaminated by noise.

If the true values of the observed variables satisfy linear relations, and
if the errors in the observations are independent random variables with
zero mean and equal variance, then the total least squares (TLS)
approach often gives better estimates than LS.

Given Ac R™" beR™, m>n
Find A€ R™" b e R™ and x € R" such that
(A, b) — (A, b)||%2 = min!  subject to Ax = b,

where || - ||r denotes the Frobenius norm.
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Regularized total least squres problems

Regularized Total Least Squares Problem

If Aand (A, b) are ill-conditioned, regularization is necessary.
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Regularized total least squres problems
Regularized Total Least Squares Problem

If Aand (A, b) are ill-conditioned, regularization is necessary.

Let L € RK*" k < nand § > 0. Then the quadratically constrained
formulation of the Regularized Total Least Squares (RTLS) problems
reads:

Find A€ R™" b e R™ and x € R" such that
(A, b) — (A, b)||2 = min! subjectto Ax = b, ||Lx|3 < &°.
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Regularized total least squres problems
Regularized Total Least Squares Problem

If Aand (A, b) are ill-conditioned, regularization is necessary.

Let L € RK*" k < nand § > 0. Then the quadratically constrained
formulation of the Regularized Total Least Squares (RTLS) problems
reads:

Find A€ R™" b e R™ and x € R" such that
(A, b) — (A, b)||2 = min! subjectto Ax = b, ||Lx|3 < &°.

Using the orthogonal distance this problems can be rewritten as
(cf. Golub, Van Loan 1980)

Find x € R" such that
|Ax — b5

=min! subject to ||Lx||5 < ¢2.
1+ Ix]3
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Regularized total least squres problems
Regularized Total Least Squares Problem ct.

If & > 0 is chosen small enough (e.g. § < ||Lx7.s|| where x7.s is the
solution of the TLS problem), then the constraint ||Lx||3 < &2 is active,

and the RTLS problem reads
Find x € R” such that
|IAx — b|3

=min! subject to ||Lx||3 = 2.
1+ [Ix]3
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Regularized total least squres problems
Regularized Total Least Squares Problem ct.

If & > 0 is chosen small enough (e.g. § < ||Lx7.s|| where x7.s is the
solution of the TLS problem), then the constraint ||Lx||3 < &2 is active,

and the RTLS problem reads
Find x € R” such that
Ax — b||3
w =min! subject to ||Lx||3 = 2.
1+ [Ix13

The first order optimality conditions are
B(x)x + ALTLx = d(x), |Lx|3 = &2
where

hi2 T
B(x) B |Ax — b|5 A'b

1
=—— (ATA=f(X)Iy), f(x) = dx) = ———.
e (ATA= f00h). 100 = St db) = 2
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Regularized total least squres problems

Algorithm RTLSQEP: Sima, Van Huffel & Golub 2004

Initialization Let x° be a starting vector. Compute By := B(x°) and
do = d(x°). Setj=0
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Regularized total least squres problems

Algorithm RTLSQEP: Sima, Van Huffel & Golub 2004

Initialization Let x° be a starting vector. Compute By := B(x°) and
do = d(x°). Setj=0

step j Find x/*' and \;,1 which solves
Bix + ALTLx = ¢, ||Lx|3 = ¢?

corresponding to the maximal A
Compute Bj1 = B(x/*1) and dj 4 = d(x/*1)
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Regularized total least squres problems

Algorithm RTLSQEP: Sima, Van Huffel & Golub 2004

Initialization Let x° be a starting vector. Compute By := B(x°) and
do = d(x°). Setj=0

step j Find x/*' and \;,1 which solves
Bix + ALTLx = ¢, ||Lx|3 = ¢?

corresponding to the maximal A
Compute Bj1 = B(x/*1) and dj 4 = d(x/*1)

stopping criterion if
1By + A LTLIH — s < &

then STOP; else j — j+ 1 and go to step j.
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Regularized total least squres problems
A quadratic eigenproblem

Sima, van Huffel, Golub (2004)
The first order conditions can be solved via the maximal positive
eigenvalue and corresponding eigenvector of a quadratic eigenproblem

(W+A)2—52hh" ) u=0  (QEP)

where W € R¥*K is symmetric, and h € RX.

Manchester, March 2007
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Regularized total least squres problems
A quadratic eigenproblem

Sima, van Huffel, Golub (2004)

The first order conditions can be solved via the maximal positive
eigenvalue and corresponding eigenvector of a quadratic eigenproblem

(W+A)2—52hh" ) u=0  (QEP)
where W € R¥*K is symmetric, and h € RX.
The quadratically constrained least squares problem
|Ax — b||2 = min!  subject to ||x||3 = &
can be solved by via one quadratic eigenproblem (QEP) where
W=ATA and h=ATb.

This approach was introduced by Gander, Golub, von Matt (1989)
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Regularized total least squres problems
A quadratic eigenproblem

Sima, van Huffel, Golub (2004)

The first order conditions can be solved via the maximal positive (?)
eigenvalue and corresponding eigenvector of a quadratic eigenproblem

(W+A)2—52hh" ) u=0  (QEP)
where W € R¥*K is symmetric, and h € RX.
The quadratically constrained least squares problem
|Ax — b||2 = min!  subject to ||x||5 = &
can be solved by via one quadratic eigenproblem (QEP) where
W=ATA and h=ATb.

This approach was introduced by Gander, Golub, von Matt (1989)
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Regularized total least squres problems

Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(\)", X € J C R an open interval (maybe
unbounded).
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Regularized total least squres problems

Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(\)", X € J C R an open interval (maybe
unbounded).

For every fixed x € C", x # 0 assume that the real function
f(;x) : J =R, f(Nx):=xHT(\)x
is continuously differentiable, and that the real equation
f(A,x)=0

has at most one solution A =: p(x) in J.
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Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(\)", X € J C R an open interval (maybe
unbounded).

For every fixed x € C", x # 0 assume that the real function
f(;x) : J =R, f(Nx):=xHT(\)x
is continuously differentiable, and that the real equation
f(A,x)=0
has at most one solution A =: p(x) in J.

Then equation f(\, x) = 0 implicitly defines a functional p on some
subset D of C" which we call the Rayleigh functional.
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Regularized total least squres problems

Nonlinear maxmin characterization

Let T(\) € C™", T(\) = T(\)", X € J C R an open interval (maybe
unbounded).

For every fixed x € C", x # 0 assume that the real function
f(;x) : J =R, f(Nx):=xHT(\)x
is continuously differentiable, and that the real equation
f(A,x)=0
has at most one solution A =: p(x) in J.

Then equation f(\, x) = 0 implicitly defines a functional p on some
subset D of C" which we call the Rayleigh functional.

Assume that

0
5f()\; X) |xzp(x) >0 forevery x € D.
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Regularized total least squres problems

maxmin characterization (V., Werner 1982)

Let sup,cp p(v) € J and assume that there exists a subspace W c C”
of dimension ¢ such that

WnD#0 and VemD p(v) € J.
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Regularized total least squres problems

maxmin characterization (V., Werner 1982)

Let sup,cp p(v) € J and assume that there exists a subspace W c C”
of dimension ¢ such that

WnD#0 and Velpvme p(v) € J.

@ Then T(\)x = 0 has at least ¢ eigenvalues in J, and for
j=1,...,Lthe j-largest eigenvalue )\; can be characterized by

Aj = max infD p(v). (M)

dim V=j, ve VN
VND#)
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Regularized total least squres problems

maxmin characterization (V., Werner 1982)

Let sup,cp p(v) € J and assume that there exists a subspace W c C”
of dimension ¢ such that

WnNnD#0 and Vewvfm p(v) € J.

@ Then T(\)x = 0 has at least ¢ eigenvalues in J, and for
j=1,...,Lthe j-largest eigenvalue )\; can be characterized by

Aj = max infD p(v). (M)

dim V=j, ve VN
VND#)

@ Forj=1,...,¢every jdimensional subspace V C C" with
VAD#0 and )= ve'DIpr(v)

is contained in DU {0}, and the maxmin characterization of \; can
be replaced by
Aj= max min p(v).

dim V=, v
v{{o}c]D veVA{o}

Heinrich Voss Total Least Squares Manchester, March 2007 9/18



maximum real solution of a quadratic eigenproblem

Back to

T\ )x = (W+AN2—-62hh")x =0  (QEP)
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maximum real solution of a quadratic eigenproblem
Back to

T\ )x = (W+AN2—-62hh")x =0  (QEP)

fO x) = xPT(N)x = 22||x|)3 + 2 x" Wix + ||Wx||2 — [x"h|2 /62, x #0
is a parabola which attains its minimum at

xHWx

A=—
xHx
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maximum real solution of a quadratic eigenproblem
Back to

T\ )x = (W+AN2—-62hh")x =0  (QEP)

fO x) = xPT(N)x = 22||x|)3 + 2 x" Wix + ||Wx||2 — [x"h|2 /62, x #0
is a parabola which attains its minimum at

xHWx

A= —
xHx

Let J = (—Amin, o0) Where Amin is the minimum eigenvalue of W. Then
f(A, x) = 0 has at most one solution p(x) € J for every x # 0. Hence,

the Rayleigh functional p of (QEP) corresponding to J is defined, and

the general conditions are satisfied.
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maximum real solution of a quadratic eigenproblem

Characterization of maximal real eigenvalue

Let xmin be an eigenvector of W corresponding to Amin- Then

f(—Amins Xmin) —Xmm(W Amln) Xmin — | m|nh| /52 - m|nh| /52 <0
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maximum real solution of a quadratic eigenproblem

Characterization of maximal real eigenvalue

Let xmin be an eigenvector of W corresponding to Amin- Then

f(—Amins Xmin) —Xmm(W Amln) Xmin — | m|nh| /52 - m|nh| /52 <0

Hence, if x/%..

h # 0 then Xmin € D.

Heinrich Voss Total Least Squares Manchester, March 2007 11/18



maximum real solution of a quadratic eigenproblem

Characterization of maximal real eigenvalue

Let xmin be an eigenvector of W corresponding to Amin- Then

f(—Amins Xmin) —Xmm(W Amln) Xmin — | m|nh| /52 - m|nh| /52 <0

Hence, if x/._h # 0 then xmin € D.

mmh 0, and the minimum eigenvalue pmin of T(—Anin) is negative,
then for the corresponding eigenvector ynm,;, it holds

If x

F(—Amins Ymin) = yrlr-llin T(—=Amin)Ymin = Mmin“}/mian <0,

and ymin € D.
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maximum real solution of a quadratic eigenproblem

Characterization of maximal real eigenvalue

Let xmin be an eigenvector of W corresponding to Amin- Then

f(—Amins Xmin) —Xmm(W Amln) Xmin — | m|nh| /52 = m|nh| /52 <0
Hence, if x/._h # 0 then xmin € D.

mmh 0, and the minimum eigenvalue pmin of T(—Anin) is negative,
then for the corresponding eigenvector ynm,;, it holds

If x

F(—Amins Ymin) = Yiin T (= Amin)Yimin = Lmin|Ymin |13 < 0,
and Ymin € D.
If x!7..h =0, and T(—Amin) is positive semi-definite, then
F(—Amin> X) = X" T(=Amin)x > 0 for every x # 0,
and D = 0.
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maximum real solution of a quadratic eigenproblem

Characterization of maximal real eigenvalue ct.

Assume that D # (). For x"h = 0 it holds that
f(, x) = (W + Mx|3 >0 forevery A € J,
ie. x ¢ D.
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maximum real solution of a quadratic eigenproblem

Characterization of maximal real eigenvalue ct.

Assume that D # (). For x"h = 0 it holds that
f(, x) = (W + Mx|3 >0 forevery A € J,
ie. x ¢ D.

Hence, D does not contain a two-dimensional subspace of R", and
therefore J contains at most one eigenvalue of (QEP).

12/18
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maximum real solution of a quadratic eigenproblem

Characterization of maximal real eigenvalue ct.

Assume that D # (). For x"h = 0 it holds that
f(, x) = (W + Mx|3 >0 forevery A € J,
ie. x ¢ D.

Hence, D does not contain a two-dimensional subspace of R", and
therefore J contains at most one eigenvalue of (QEP).

If A € Cis a non-real eigenvalue of (QEP) and x a corresponding
eigenvector, then

xHT(\)x = 22||x|3 + 2 x" Wix + || Wx||2 — |x"h|2 /62 = 0.

Hence, the real part of X satisfies

real(\) = — X
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maximum real solution of a quadratic eigenproblem
Theorem 1

Let Amin be the minimal eigenvalue of W, and xnin be a corresponding
eigenvector.
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maximum real solution of a quadratic eigenproblem
Theorem 1

Let Amin be the minimal eigenvalue of W, and xnin be a corresponding
eigenvector.

minh=0and T(—\p,) is positive semi-definite, then
A = —\nin is the maximal real eigenvalue of (QEP).

o If xH
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maximum real solution of a quadratic eigenproblem
Theorem 1

Let Amin be the minimal eigenvalue of W, and xnin be a corresponding
eigenvector.

o If x!t_h=0and T(—\mi) is positive semi-definite, then
X := —Amin is the maximal real eigenvalue of (QEP).

@ Otherwise, the maximal real eigenvalue is the unique eigenvalue A
of (QEP) in J = (—Amin, o0), and it holds

X = max p(x).
xeD
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maximum real solution of a quadratic eigenproblem
Theorem 1

Let Amin be the minimal eigenvalue of W, and xnin be a corresponding
eigenvector.

o If xH h=0and T(—\pp) is positive semi-definite, then
N min

A = —\nin is the maximal real eigenvalue of (QEP).

@ Otherwise, the maximal real eigenvalue is the unique eigenvalue A
of (QEP) in J = (—Amin, o0), and it holds

X = max p(x).
xeD
@ s the right most eigenvalue of (QEP), i.e.

real(\) < —Amin < A for every eigenvalue X # ) of (QEP).
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maximum real solution of a quadratic eigenproblem

Example

shaw(2000): eigenvalues of (W+2 )>-hhT/s2)y=0

0.05 -
0.04t o
+
0.03+ +
0.02t+ +1
T 001+ *
=3 +
g oF+ + + + é—
£
o +
£-001 i
-0.02+ +4
-0.03+ =
T
-0.04+ +
-0.05 1 L L 1 L L 1 1 L
-450 -400 -350 -300 -250 -200 -150 -100 -50 0

real part
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maximum real solution of a quadratic eigenproblem

Example: close up

shaw(2000): eigenvalues of (W+2 )>-hhT/s2)y=0

0.05
0.041 + 4
+
0.03+ + 1
0.02 + b
T 001+ * 1
[-% :r#+
s
g o + + %# o ® J
2 + +
£ -0.01} N 4
-0.02 + B!
-0.03F . 1
+
-0.04} + 1
-0.05 L - !
-1 -05 0 05 1
real part
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maximum real solution of a quadratic eigenproblem
N
Positivity of A

Simplest counter—example: If W is positive definite with eigenvalue

Aj > 0, then —); are the only eigenvalues of the quadratic
eigenproblem (W + \)2x = 0, and if the term §—2hh" is small enough,
then the quadratic problem will have no positive eigenvalue, but the
right—-most eigenvalue will be negative.

Heinrich Voss Total Least Squares Manchester, March 2007 16/18



maximum real solution of a quadratic eigenproblem

Positivity of

Simplest counter—example: If W is positive definite with eigenvalue

Aj > 0, then —); are the only eigenvalues of the quadratic
eigenproblem (W + \)2x = 0, and if the term §—2hh" is small enough,
then the quadratic problem will have no positive eigenvalue, but the
right—-most eigenvalue will be negative.

However, in quadratic eigenproblems occurring in regularized total
least squares problems § and h are not arbitrary, but regularization
only makes sense if § < ||Lxy.s|| where x; s denotes the solution of the
total least squares problem without regularization.
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maximum real solution of a quadratic eigenproblem

Positivity of

Simplest counter—example: If W is positive definite with eigenvalue

Aj > 0, then —); are the only eigenvalues of the quadratic
eigenproblem (W + \)2x = 0, and if the term §—2hh" is small enough,
then the quadratic problem will have no positive eigenvalue, but the
right—-most eigenvalue will be negative.

However, in quadratic eigenproblems occurring in regularized total
least squares problems § and h are not arbitrary, but regularization
only makes sense if § < ||Lxys|| where xq.s denotes the solution of the
total least squares problem without regularization.

The following theorem characterizes the case that the right—-most
eigenvalue is negative.
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maximum real solution of a quadratic eigenproblem

Positivity of \ ct.

Theorem 2 .
The maximal real eigenvalue A of the quadratic problem

(W4 AD2x —62hh"x =0
is negative if and only if W is positive definite and

WAz <.
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maximum real solution of a quadratic eigenproblem

Positivity of \ ct.

Theorem 2 .
The maximal real eigenvalue A of the quadratic problem

(W4 AD2x —62hh"x =0
is negative if and only if W is positive definite and

WAz <.

For the quadratic eigenproblem occuring in regularized total least
squares it holds that

IW="hllz = [L(ATA — £(x)) "' ATb].
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maximum real solution of a quadratic eigenproblem

Positivity of \ ct.

Theorem 2 .
The maximal real eigenvalue A of the quadratic problem

(W4 AD2x —62hh"x =0
is negative if and only if W is positive definite and

IW~"hlls < 6.

For the quadratic eigenproblem occuring in regularized total least
squares it holds that

1WAl = IL(ATA— F(x)) " ATb] 2.
For the standard case L = / the right-most eigenvalue } is always

nonnegative if 6 < || x7.g|2-
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maximum real solution of a quadratic eigenproblem
Convergence

Theorem (Sima et al.) Assume that
| Ax|[3 0
—=>f .
x£0:Lx=0 ||x|3 ~ ) ()
Then the algorithm provides a sequence of vectors {x/} for which the
function f is monotonically decreasing:

0 < (X <f(x), j=0,1,....

Manchester, March 2007 18/18
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maximum real solution of a quadratic eigenproblem
Convergence

Theorem (Sima et al.) Assume that
2
”AXH2 > f(XO). (*)

x#0:Lx=0 ||x||5

Then the algorithm provides a sequence of vectors {x/} for which the
function f is monotonically decreasing:

0 < (X <f(x), j=0,1,....

Theorem 3 .
Under the condition (*) every limit point of {x/} is a global minimizer of
|Ax — b||5 -
f(x) .= ———>=, subjectto ||Lx|2 = .
1+ |x]13
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maximum real solution of a quadratic eigenproblem
Convergence

Theorem (Sima et al.) Assume that

||AXH§ > f(XO). (*)

x#0:Lx=0 ||x||5

Then the algorithm provides a sequence of vectors {x/} for which the
function f is monotonically decreasing:

0 < (X <f(x), j=0,1,....

Theorem 3 '
Under the condition (*) every limit point of {x/} is a global minimizer of
Ax — b||3
f(x) = u, subject to ||Lx|]2 = 4.
1+ [x]3

Beck & Teboulle (2006) proved the convergence of Sima’s algorithm if
the equality constraint is replaced by the inequality constraint
[Lx|2 < 4.
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