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T he self-adjoint case

Let us consider a linear operator A € L(D(A),H) on a Hilbert
space H. If this operator is self-adjoint, we can use all the power
of spectral theory. In particular the spectrum o(A) is real, and we
have the relation

[r(A)|| = SUD)IT(:U)I,

xeo(A

which holds for all rational functions bounded on o(A).



The self-adjoint case

Let us consider a linear operator A € L(D(A),H) on a Hilbert
space H. If this operator is self-adjoint, we can use all the power
of spectral theory. In particular the spectrum o(A) is real, and we
have the relation

[r(A)]| = SUD)Ir(af)I,

xeo(A

which holds for all rational functions bounded on o(A).

This relation allows to define, via a density argument, f(A) €
L(H), for all continuous and bounded functions f on ¢(A), and
the previous relation, with f instead of r, is still valid.



Example of application

If the linear operator A € L(D(A), H) is self-adjoint and positive
definite, we can in this way define cos(tv/A) and justify that

w(t) = cos(tvV'A) up, with ug € D(A),
is the unique solution in C2(R, H) N CO(R, D(A)) of
u'(t) + Au(t) =0, tcR,
{ w(0) = ug, u/(0) = 0.



Spectral sets, J. von Neumann, 1951

A set X C C, witho(A) C X, is called a spectral set for the operator
A if the following inequality

[r(A)[| < sup [r(z)]
zeX

holds for all rational functions bounded on X c C.



Spectral sets

A set X C C, with o(A) C X, is called a spectral set for the operator
A if the following inequality

|r(A)|| < sup |r(z)]
zeX

holds for all rational functions bounded on X c C.

Remark. If the operator A is normal, then o(A) is a spectral set
for A.



Spectral sets

A set X C C, with o(A) C X, is called a spectral set for the operator
A if the following inequality

[r(A)[| < sup [r(z)]
zeX

holds for all rational functions bounded on X C C.
von Neumann results
The unit disk D = {z; |2| <1} is a spectral set for A iff ||A] < 1.

The half-plane {z; Rez > 0} is a spectral set for A if and only if
Re(Av,v) >0, for all ve D(A).



K-spectral sets

A set X C C, with o(A) C X, is called a spectral set for the operator
A if the following inequality

|r(A)|| < sup |r(z)]
zeX

holds for all rational functions bounded on X C C.

It is called a K-spectral set for the operator A if the following
inequality holds

[r(A)|| < K sup [r(2)]).
zeX



K-spectral sets

A set X C C, with ¢(A) C X, is called a K-spectral set for the
operator A if the following inequality

Ir(A)] < K sup|r(=)
zeX

holds for all rational functions bounded on X c C.

Cauchy formula. Assume that the domain € contains ¢(A) (4
suitable hypotheses), we have

r(A) = %/@QT(J)(J—A)—MJ,
This shows that €2 is a K-spectral set for the operator A with
1 —1
—A dol|.
o 1o =)~ |do]

— 2rm



TWO USEFUL LEMMATA



Lemma 1. We assume that
dm(t) is @ bounded, complex-valued measure on E,
M(t) e L(H), M(t)=M*(t)>0, inE,
r IS a rational function bounded by 1 on E.

T hen we have

|| /Er(t)M(t) dm(t)H < H /E M(#) |dm(t)|H.



Lemma 1. We assume that
M(t) e L(H), M(t)=M*(t)>0, inE,
r is a rational function bounded by 1 on E.

Then we have

| [ rom@ am®)| < | [ M) am]|
Proof. We have

(M (£)u, v)| < (M (#)u, u) /2 (M (#)v, v)1/?



Lemma 1. We assume that
M@) e £L(H), M@t)=M*(t)>0, in E,
r is a rational function bounded by 1 on E.

Then we have
| [ roM@®dn®| < | [ M@ an@)]|
Proof. \We have

(M (£)u, )| < (M (E)u, u)/2(M (t)v, v) /2,

Thus, with
A= [pr(t)M(t)) dm(t), and B = [p M(t) |dm(t)| ,

{Au, v)| < (Bu,u)Y/2(Bv, v)1/2



Lemma 1. We assume that
M) € L(H), M()=M*(t)>0, inE,
r IS a rational function bounded by 1 on FE.
Then we have
| [ roM@®dn®| < | [ Mm@ an@]|
Proof. We have
(M (£)u,v)| < (M ()u,u)' (M (v, 0)12,

T hus, with
A= [pr(t)M(t))dm(t), and B= [ M(t) |dm(t)| .

[(Au,v)| < (Bu, u)/2(Bv, v)1/2,
which yields ||A]| < ||B]|.



Lemma 2. We assume that
dm(t) is a bounded, complex-valued measure on E,
M(@t),N(t) € L(H), N(@)=N*t), inE, oa>0
Re M(t) = 5(M(#) + M(1)") > N(¥) > a, in E,
r IS a rational function bounded by 1 on E.

T hen we have

| [ ro@) L am)| < | [ @) Ham@)|.



Lemma 2. We assume that r is bounded by 1,
Re M(t) = 3(M(t) + M()*) > N(t) > «, in E.
Then we have

| [ r@r@)tam@)| < | [ (V@) am() |

Proof.
The proof is similar by noticing that

(M ()" Lu, )| < (V@) Lu, u)/2(N () Lo, 0)1/2.



Application : a problem in an annulus C = {z;p_l < |z] < p}.

In 1974, Shields have shown that, if an operator A satisfies ||A]| < p

and ||A~1|| < p, then for all rational functions r which is bounded
by 1 on (C, we have,

p?+1

P <2455




Application : a problem in an annulus C = {z;p_l < |z| < p}.

In 1974, Shields have shown that, if an operator A satisfies ||A]| < p

and ||A~1|| < p, then for all rational functions r which is bounded
by 1 on C, we have,

p?+1
p2—1
But, if p =1, then A is a unitary operator, and then ||[r(A)| < 1.

lr(A] <2+



Application : a problem in an annulus C = {z;p_l < |z] < p}.

We now want to explain how the two previous lemmata allow to
show that, if an operator A satisfies |A| < p and [|[A~1|| < p, then
for all rational functions r which is bounded by 1 on C, we have,

p°+2p+1

<24 2/V3.
pPP+p+1 +2/v3

lr(AI <2+ J



Application : a problem in an annulus C = {z;p_l < |z] < p}.
Let us consider an operator A with |A|| < p and [|[A71|| < p, and

a rational function r which is bounded on (. We have, from the
Cauchy formula,
1

r(A) = — aCr(a)(a—A)_l do.



Application : a problem in an annulus C = {z;p_l < |z|] < p}.

Let us consider an operator A with |A|| < p and [|[A71|| < p, and
a rational function r which is bounded on C. We have, from the
Cauchy formula,

r(A) = — [ 1+()(6—A)"do = Ry + Ro + R3 + Ra,
2m JOC

with
Ry = /|O|:pr(a)2im((a—A)—1da —(3-A") "7 — o do),
Ry = /‘a‘:p—l r(0)5t:((0—A)tdo — (3-A*)"1d5 — o Ldo),
Rs = /‘U‘Zpr(a)%((a—fx*)—lda +oldo),

Ry = /|O|:p_1 r(0)5k; (G —A") " d5 + o Ldo).



Estimate of R;.

Ry = / r(0)5s;((0—A)"Ldo — (G- A*)"1d5 — o7 do).
lo|=p
We write o = pet?, thus do = icdf, and note that

%((J—A)_lda —(6—A""1d5 - O'_ldO') =
= 5 (0—A) H(p?—AA*) (G- A*)"1dg



Estimate of R1.

R, = /lal:pr(a)%«J—A)_lda —(—A""1d5 - 0_1d0>.
We write o = pet? and note that
%m((a—A)_lda —(—A""td5 — O'_ldO') =
= 5 (o —A) 1 (p?—AA*)(5—-A*)"1do>0.
Indeed [|A|| < p implies p2—AA* > 0.



Estimate of R1.

R, = / r(a)%((a—A)_lda —(—A""1d5 - a_lda>.
lol=p i
We write o = pe'? and note that
%m((a—A)_lda —(—A""td5 — O'_ldO') =
= £ (0—A) H(p?—AA*) (G- A*)"1do > 0.

We can apply Lemma 1 and we get, if |[r| <1 on C,

1R1]| < /lal:p%m.((a—A)_lda —(—A""td5 — 0_1da) H

<[1+1-1]=1.



Estimate of R;.

Ry = / r(a)%((a—A)_lda —(—A""1d5 - 0_1d0>.
lo|=p
We write o = pet? and note that

%((J—A)_lda —(6—A""tdz — 0_1d0) =
= 5-(0—A) H(p?—AA*)(6—-A*)"1d9 > 0.

We can apply Lemma 1 and we get, if |[r| <1 on C,

IRy < /|0|_p%((0—14)_1da — (5-A") "'z — o ldo) ||

<[1+1-1]=1.

We similarly get the estimate |Rs|l < 1.



Estimate of R3 4+ Ra4.

We have
Rs :/| | r(0) oy (G~ A" "Ld5 + 0" Ldo).
ol=p
We use & = p?/o, thus do = —p?/o?do, and get

Rz = _Qim‘ |a|:pr(a)A*(p2—aA*)_1da



Estimate of R3 4+ Ra4.

We have
Rs :/‘ ‘ r(0) ok (G~ A")"Ld5 + o7 Ldo).
o|l=p

We use & = p?/o, thus do = —p?/o?do, and get

R3 = —% |a|:pr(a)A*(p2—oA*)_1da
= L r(0)A*(p?— o A*)  Ldo.

27Ti |O'|:1

Indeed r(o)A*(p?—ocA*)~1 is holomorphic in o, for p~1 <|o| < p,
which allows to replace the path |o| = p by the path |o| = 1.



Estimate of R3 4+ Ra4.

We have
Ra =/| | r(0)5s; ((6-A")"1d7 + 0~ Ldo).
ol=p

We use & = p?/o, thus do = —p?/o?do, and get

R3 = —% |0|:pr(J)A*(p2—aA*)_1da
== r(0)A*(p°—oA*) " Ldo.

— 27’(‘2 |0'|:1
Similarly we obtain

Ry = == r(o)A*(p~ 2 —oA") Ldo.

27T'i ‘O":l



Estimate of R3 4+ Ra4.

We have obtained

R34+ R4 = —5. r(o)A*((p° =0 A" )t = (p 2 =0 A") N do

27T'i ‘0_‘:1



Estimate of R3 4+ Ra4.

We have obtained

RotRe =5 [ r(@)A (oA = (2 =0A) N do
2_ -2 2 _
— _F 2’) /Oﬁr(eze)M(Q,A*)_ldﬁ,
7T
with



Estimate of R3 4+ Ra4.
We set A* = UG, with unitary U and self-adjoint G > 0, and note
that ||Al| < p and JA~1|| < p imply p=t < G < p. Thus

2<G+G 1t <ptpt=02r,

by setting 7 = (p+p~1)/2.



Estimate of R3 4+ Ra4.
We set A* = UG, with unitary U and self-adjoint G > 0, and note
that |A|| < p and ||[A7L|| < p imply p~1 <G < p. Thus
2<GHG < ptp =27,
by setting 7 = (p+p~1)/2, and then
IG+G 11— <71,



Estimate of R3 4+ Ra4.

We note that
Re M(0,A*) = p°+p 2= (14+7) Re(¢?U) —Re(U(G+G1-1-7)),
and we have obtained

IG+G 1-1—7| <7-1, 7= (p+p 1)/2.



Estimate of R3 4+ Ra4.

We note that
Re M(0,A*) = p°+p 2—(1+7) Re(¢?U) —Re(PU(G+G1-1-7)),
and we have obtained
IG+G-1—7| <7-1, 7= (p+p 1)/2
This yields to ReM((0,A*) > N(0,U) with
N, U) = p°+p 2 —(1+7)Re(eU)+1—7



Estimate of R3 4+ Ra4.

We note that
Re M (0, A*) = p?°+p 2—(14+7) Re(e’U) —Re(U(G+G1-1-7)),
and we have obtained
IG+G I —1—7| <7-1, 7= (p+p 1)/2.
This yields to ReM((6,A*) > N(0,U) with

N, U) := p°+p 2= (1+7)Re(?U)+1—7
> p2—|—p_2—27 > 0.



Estimate of R3 4+ Ra4.

Thus we may apply Lemma 2 and obtain

p? —p 2| (27 1
|Rs + Rl < | [ v e.0)a
27 0



Estimate of R3 4+ Ra4.

Thus we may apply Lemma 2 and obtain

p? —p 2| (27 1
|Rs + Rall < | [ N Ge.v) s
27 0

But the integral may be computed, and we get

PP+20+1_ 2
PP+p+1 ~ V3

|R3 + R4 < J



But the integral may be computed, and we get

pPP+20+1_ 2
pPP+p+1 ~ V3

R34 Ral| < J

Finally, we have obtained

2
A <R R R34+ R4l <2+ —=.
I CAI < IRl + [ Ball + [[Rs+ Rall < 2+ 2=



But the integral may be computed, and we get

PP+20+1_ 2
PP+p+1 ~ V3

|R3 + R4 < J

Finally, we have obtained

2
Al < ||R R R34+ R4l <24 —.
lr (A < [[Rell + [[R2ll + [[R3+ Rall < + 5

Let us consider Dy = {z:|z| < p} and Dy = {z;|z| > p~1}.

We have shown that, if D1 and D> are spectral sets for an operator
A, then C = D1 N Dy is a 2+ 2/v/3-spectral set for A.



The previous result is a particular case of a more general one,
obtained with C. Badea and B. Beckermann

If Dy, D»>,..., Dy are n disks of the Riemann sphere, and

if D1, D»>,..., Dy are spectral sets for an operator A,

then X = DinND>nN---NDyis a (complete) K-spectral set for A,
with K <n+n(n—-1)/v3.



A similar proof allows to show that

If the numerical range of an operator A

W(A) == {(Av,v) ;v € D(A), [lv] =1}

is contained in a conic domain X, then X is a (complete) K-spectral
set for A, with K <2+ 2/v/3.



A more intricate proof allows to show that

The numerical range of an operator A
W(A) := {(Av,v) ;v € D(A), |jv|]| =1}
is a (complete) K-spectral set for A, with K < 11.08.
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