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Matrix exponential operator

assumptions

I A symmetric, positive definite with large ‖A‖
I τ > 0 step size

Krylov approximation:

exp(−τA)v ≈ ‖v‖Vm exp(−τTm)e1, R(Vm) = Km(A, v)

rational (preconditioned) version:

exp(−τA)v ≈ ‖v‖Vm exp(−τ T̃m)e1, R(Vm) = Km((I + γA)−1, v)

Moret, Novati; Lopez, Simoncini; van den Eshof, H.



Exponential vs. trigonometric operators

convergence of approximations to matrix exponential exp(−τA)v :

standard rational

convergence superlinear sublinear

steps required ≥ ‖τA‖1/2 independent of ‖τA‖

trigonometric operators: cos(τA), sin(τA), exp(iτA), . . .

I no exponential decay

I function oscillatory, largest frequency ∼ ‖τA‖
I convergence uniform in ‖τA‖ cannot be expected

I need to take origin of problem into account



Application: wave equation

u′′ = −Au + g(u), u(0) = u0, u′(0) = u′0

(g ≡ 0 for this talk)

exact solution satisfies

u(t + τ) = cos τ
√

A u(t) + (
√

A)−1 sin τ
√

A u′(t)

questions

I function spaces?

I existence of solutions?

general: Gautschi-type exponential integrators



Fundamentals: Hilbert scales

I A selfadjoint, positive operator with bounded resolvent

I then: A has orthonormal set of eigenvectors ei ∈ H (Hilbert
space), with eigenvalues λi ≥ 0, i = 1, 2, ...

I fractional powers Aα defined on appropriate domains:

D(Aα) :=

{
x =

∞∑
i=1

µiei ∈ H |
∞∑

k=1

|λi |2α|µi |2 <∞

}
= {x | ‖Aαx‖ <∞}

I f (A)x for f analytic on [0,∞) defined via

f (A)x :=
∞∑
i=1

f (λi )µiei , x =
∞∑
i=1

µiei ∈ H

Au = −∆u: H = L2(Ω), D(
√

A) = H1(Ω), D(A) = H2(Ω)



Homogeneous wave equations: theory

u
′′

(t) = −Au(t), u(0) = u0, u′(0) = u′0

smooth data nonsmooth data

u0 D(A) V = D(
√

A)

u′0 V = D(
√

A) H

u(t) C 2(R+,H) ∩ C 1(R+,V ) C 1(R+,H) ∩ C 0(R+,V )

type strong solution weak solution

u
′′

(t) = −Au(t) (u′′(t), v) = a(u(t), v)

for all v ∈ V

D(Aα) = {x ∈ H | ‖Aαx‖ <∞}



How to exploit these properties?

for α ∈ (0, 1] and v ∈ D(Aα) write

f (x) =
f (x)− f (0)

xα
xα + f (0)

then

f (A)v = g(A)Aαv + f (0)v , g(x) =
f (x)− f (0)

xα

in this talk:
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α=1

α=1/2

f (x) = cos(
√

x)
x ≥ 0
0 < α ≤ 1



Rational (preconditioned) Krylov methods

(I + γA)−1Vm = VmTm + βmvm+1e
T
m , βv1 = Aαv

for t ∈ (0, 1] define

g τγ,α(t) =
cos
√
φτ,γ(t)− 1(

φτ,γ(t)
)α φτ,γ(t) =

(
1

t
− 1

)
τ2

γ

g s.t.

τ2αg τγ,α

(
(I + γA)−1

)
=

cos(τ
√

A)− 1

Aα

approximation

y(τ) = cos(τ
√

A)v ≈ yαm(τ) = τ2αβVmg τγ,α(Tm)e1 + v



Error bounds

Theorem

‖y
1
2
m(τ)− cos(τ

√
A)v‖ ≤ C

m1/4
τ ‖
√

Av‖, v ∈ D(
√

A)

‖y1
m(τ)− cos(τ

√
A)v‖ ≤ C

m1/2
τ2 ‖Av‖, v ∈ D(A)



5 steps, u0 ∈ D(
√

A), τ = 0.3, N = 63
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10 steps, u0 ∈ D(
√

A), τ = 0.3, N = 63
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15 steps, u0 ∈ D(
√

A), τ = 0.3, N = 63
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20 steps, u0 ∈ D(
√

A), τ = 0.3, N = 63
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25 steps, u0 ∈ D(
√

A), τ = 0.3, N = 63
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10 steps, u0 ∈ D(
√

A), τ = 0.3, N = 1023
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10 steps, u0 ∈ D(A), τ = 0.3, N = 1023
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Convergence vs. smoothness of u0, standard Krylov
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Convergence vs. smoothness of u0, rational Krylov
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Galerkin approximation / implementation

finite element discretization

My ′′ + Ay = 0, y(0) = y0, y ′(0) = y ′0,

mass matrix M = Mh, stiffness matrix A = Ah

transformation z = M
1
2 y leads to

z ′′ + Ãz = 0, z(0) = M
1
2 y0, z ′(0) = M

1
2 y ′0

with Ã = M−
1
2 AM−

1
2



standard vs. rational approximation

standard Lanczos:

AVm = MVmTm + βmvm+1e
T
m , V T

m MVm = Im,

per step:

I one decomposition / solve with M

I one matrix-vector multiplication with A

rational Lanczos:

(M + γA)−1MVm = VmTm + βmzm+1e
T
m , V T

m MVm = Im,

per step:

I one decomposition / solve with M + γA



Rational Lanczos method

to compute a basis of Km(I + γÃ)−1,Ay0)

v = M−1Ay0, w = Mv , β =
√

vHw > 0;
v1 = v/β, w1 = w/β
form = 1, 2, . . . do

tm−1,m = tm,m−1

zm = (M + γτ2A)−1wm

tm,m = wH
m zm

ṽm+1 = zm − tm,mvm − tm−1,mvm−1

w̃m+1 = Mṽm+1

tm+1,m =
√

ṽH
m+1w̃m+1

vm+1 = ṽm+1/tm+1,m, wm+1 = w̃m+1/tm+1,m

end for



Example: wave equation

refined twice,
dimension ∼ 5 · 105



Errors, τ = 0.3, coarse grid, 43 nodes
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Errors, τ = 0.3, coarse grid, 546 nodes
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Errors, τ = 0.3, coarse grid, 5.723 nodes
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Summary

I grid independent approximation to trigonometric operators
like cos(τ

√
A)v under reasonable assumptions on v

I applies to finite element discretizations on arbitrary (e.g.
locally refined) grids

I general domains

I application: exponential integrators for Schrödinger and wave
equations (time integration error independent of spatial
discretization), removes CFL condition

Reference: Grimm, H., submitted to BIT, avaible on
www.am.uni-duesseldorf.de
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