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The problem

Given A ∈ R
n×n, v ∈ R

n and f sufficiently smooth function,

approximate

x = f(A)v

⋆ A large dimensions, ‖v‖ = 1

Projection-type methods

K approximation space, m = dim(K) V ∈ R
n×m s.t. K = range(V )

x = f(A)v ≈ xm = V f(V ⊤AV )(V ⊤v)
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Standard Krylov subspace approximation

K = Km(A, v)

For Hm = V ⊤AV , v = V e1 and V ⊤V = Im:

xm = Vmf(Hm)e1

Polynomial approximation: xm = pm−1(A)v

(pm−1 interpolates f at eigenvalues of Hm)

Note: Procedure valid for A symmetric and nonsymmetric

⋆ Numerical and theoretical results since mid ’80s.
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Acceleration Procedures: Shift-Invert Lanczos

A symmetric pos. semidef.

Choose γ s.t. (I + γA) is invertible, and construct

K = Km((I + γA)−1, v), van den Eshof-Hochbruck ’06, Moret-Novati ’04

with Tm = V ⊤(I + γA)−1V , v = V e1 and V ⊤V = Im

xm = Vmf(
1

γ
(Tm − Im))e1

Rational approximation: xm = pm−1((I + γA)−1)v

Choice of γ: γ = 1/
√

λminλmax (Moret, tr 2005)
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Acceleration Procedures: Extended Krylov

For A nonsingular,

K = Km1
(A, v) + Km2

(A−1, v), Druskin-Knizhnerman 1998, A sym.

Note: K = A−(m2−1)Km1+m2−1(A, v)

Algorithm (augmentation-style)

- Fix m2 ≪ m1

- Run m2 steps of Inverted Lanczos

- Run m1 steps of Standard Lanczos + orth.
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Extended Krylov: a new implementation

m1 = m2 = m not fixed a priori

K = Km(A, v) + Km(A−1, A−1v)

⋆ Arnoldi-type recurrence:

- U1 ← [v, A−1v] + orth

- Uj+1 ← [AUj(:, 1), A−1Uj(:, 2)] + orth j = 1, 2, . . .

⋆ Recurrence to cheaply compute Tm = U⊤
mAUm, Um = [U1, . . . , Um]

⋆ Compute xm = Umf(Tm)e1

Simoncini, 2007

6



Extended Krylov: Convergence theory I

f satisfying f(z) =

∫ 0

−∞

1

z − ζ
dµ(ζ), z ∈ C\]−∞, 0]

(with convenient measure dµ(ζ))

Druskin-Knizhnerman 1998:

A sym: ‖x− xm‖ = O(m2 exp(−2m 4

√

λmin

λmax

))
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Extended Krylov: Convergence theory II

A new approximation result for nonsingular A:

Let f = f1 + f2, a ∈ [0,∞)

‖f1(z)−
m−1
∑

k=0

γ1,kF1,k(z)‖ ≤ c1Φ1(−a)−m,

‖f2(z)−
m−1
∑

k=0

γ2,kF2,k(z−1)‖ ≤ c2Φ2(−
1

a
)−m,

Φ1, F1,k conformal mapping and Faber Polynomial w.r.to W (A)

Φ2, F2,k conformal mapping and Faber Polynomial w.r.to W (A−1)

From this, for A symmetric: ‖x− xm‖ = O(exp(−2m 4

√

λmin

λmax

))

⋆ Currently working on A nonsymmetric
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Convergence rate. A ∈ R
400×400 symmetric. f(λ) = λ−1/2
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Experiment. A ∈ R
400×400 normal. f(λ) = λ−1/2
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Log-uniform spectral distribution.

f(3)(z) = exp(−√z), f(5)(z) = z−1/2, f(7)(z) = z−1/4
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SI-Lanczos and dependence on parameter γ
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Comparisons: CPU Time in Matlab

A ∈ R
4900×4900: L(u) = − 1

10uxx − 100uyy, in [0, 1]2, hom.b.c.

σ(A) ∈ [9.6 · 102, 1.96 · 106]

Method space dim. CPU Time

Standard Krylov 185 16.02

SI-Lanczos(0.001) 62 1.00

SI-Lanczos (1e-5) 49 0.60

SI-Lanczos (γ=2e-5) 33 0.32

Extended Krylov 32 0.20

No reorthogonalization.
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A nonsymmetric matrix. f(z) =
√

z

A ∈ R
900×900 : L(u) = −100uxx − uyy + 10xux in [0, 1]2, hom.b.c.
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Conclusions and work in progress

• New implementation of the Extended Krylov method

• Improved convergence bounds for A symmetric

• New convergence results for A nonsymmetric (to be completed)

• Performance:

- Competitive with respect to available methods

- Does not depend on parameters

- Competitive for A nonsymmetric (preliminary tests)
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