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Classical numerical range (NR)

H Hilbert space, A € L(H) (bounded linear operator)

Numerical range:
W(A) = {(Ax,z) : x € H, ||z] = 1}.
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H Hilbert space, A € L(H) (bounded linear operator)

Numerical range:
W(A) = {(Ax,z) : x € H, ||z] = 1}.
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Classical numerical range (NR)

H Hilbert space, A € L(H) (bounded linear operator)

Numerical range:
W(A) = {(Ax,z) : x € H, ||z] = 1}.

Well-known:

o IW(A) convex,

o o,(A) CW(A), o(A) C W(A),

o \o € W(A) corner = \g € a,(A),

_ 1 =
= dist (A, W (A))’ A E WA,

e A=A*>aq = )\, = min max (Az,x)
dim L=n :<C

. [l A

uadrat

ic numerical range — p.2/17



1. The quadratic numerical range (QNR)

Now: H = Hi x Ho with Hilbert spaces Hi, Ho,

A B .
— N
A (C D) Hl X Hz

with A € L(Hy), B € L(H2,H1), C € L(H1,’Hs2),and D € L(Hs).

Quadratic numerical range — p.3/17



1. The quadratic numerical range (QNR)

Now: H = Hi x Ho with Hilbert spaces Hi, Ho,

A B .
— N
A (C D) I 7‘[1 X Hz

with A € L(Hy), B € L(H2,H1), C € L(H1,’Hs2),and D € L(Hs).

Definition. (LT'98) — Ay

N\

5 o | ! (Azy,21)—\  (Bxa, 1) \
W=(A) := {)\ cC : det( (Cr. ) (ng,a:g))\>

= (0 for some

r1 € Hi, x93 € Ho, ||z1]| = ||z2]| = 1}

— U Op (“49617%‘2)

lz1]|=lz=2]|=1

IS called quadratic numerical range (QNR) of A.
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2. Spectral inclusion ILMMT’01]

Theorem 1. W?(A) c W(A).
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2. Spectral inclusion ILMMT’01]

Theorem 1. W?(A) c W(A).
Theorem 2. o,(A) C W?(A), o(A) C W2(A).
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2. Spectral inclusion ILMMT’01]

Theorem 1. W?(A) c W(A).
Theorem 2. o,(A) C W?(A), o(A) C W2(A).

Proof. (for A € op(A))

A(:’”) - )\(xl) with (”“) £ 0.
L9 i) X9
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2. Spectral inclusion ILMMT’01]

Theorem 1. W?(A) c W(A).
Theorem 2. o,(A) C W?(A), o(A) C W2(A).

Proof. (for A € op(A))

Then
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2. Spectral inclusion ILMMT’01]

Theorem 1. W?(A) c W(A).
Theorem 2. o,(A) C W?(A), o(A) C W2(A).

Proof. (for A € op(A))

A(:’”) - )\(xl) with (3“) £ 0.
L9 i) 9

Then
(Axl,fl) + (Bl‘z,fb‘\l) — )\(ajl,/x\l),
A

(Cx1,72) + (Dz2, 72) = A2, 2),

with z; =: ||z:]|Z, |7:]| = 1, fori = 1,2. Hence
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2. Spectral inclusion ILMMT’01]

Theorem 1. W?(A) c W(A).
Theorem 2.  o,(A) C W?(A), o(A) C W2(A).

Proof. (for A € op(A))

A(:’”) - )\(xl) with (”“) £ 0.
L9 i) 9

Then
(A:El,fb\l) + (31'2,58\1) — )\(ajl,/x\l),
A

(Cxl, C/U\Q) -+ (DCIZQ, EE\Q) = (5132, fIZ‘\Q),

with z; =: ||z:]|Z, |7:]| = 1, fori = 1,2. Hence

— Aggl’@ (HCIHH) — )\<H331”) — A E Op(Ag,}l,ggQ) C WQ(A) []
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Numerical range of

(2 i 1 341
i 2 341 1
1 3+i -2 i
\3+i 1 i -2
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Numerical range of

(2 i 1 34 )
i 2 341 1
1 341 -2 i
\3+i 1 i -2
ONR of
(2 i |1 341
i 2 341 1
1 34i| -2 i
\ 3+i 1
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0.5

-0.5

Numerical range of

(1021
01 1 1
1 0 —1 0

\0 1 0 -1
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0.5

-0.5

ONR of
/102 1\
0 1] 1 1
1 0—-1 O
1




0.5

-0.5

Numerical range of

ONR of
/102 1\
0O 1|1 1
1 0|—=1 0
\010—1)
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1.5

Numerical range of

(1011\
010 1
i 00 0

\1 i 0 0
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1.5

0.5

-0.5

-1.5
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0.5
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1.5
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1.5

0.5

-0.5

-1.5

Numerical range of
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Numerical range of

(2011\
0 -2 1 1

1 1 1 0

\i i 0 -1
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ONR of

1

0 =21




Numerical range of

(2 0 1 1 )

0 -2 1 1

1 1 1 0

\i i 0 -1/
ONR of

(2 o0]1 1)

0 —2]1 1

i i1 0

0—1)




Numerical range of

(21 0 3
i 2 3 0
5 3 —2 i
35 i -2
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1

1 2] 3 0
5 3| —2 1
51—2)




Numerical range of

o

Tl W N
|
N
—

ONR of
(2 il o 3 )
1 21 3 0
5 3| -2 1
. , | \351—2)
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-0.5

T
0.5

1.5

Numerical range of

(1 0 2 0 )
0 -1 0 2
2 0 1 0

\ 0 2 0 -1
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-1.5

T
0.5

1.5

Numerical range of

(1 0 2 0 )
0 -1 0 2
—2 0 1 0
\ 0 20 -1

ONR of

[ 1 020\
0 —1]|0 2
—2 0|1 0
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-1.5
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0.5

1.5

2
0 —-1]0 2
—2 0|1 0

K0—20—1)



3. Other properties  [LMT’01, LMMT’01] angle <

Theorem 3. Let \g € W%(.A) be a cornet,
det (AM ~ Ao) —0,

with ¥ € H;, ||2?]] = 1, for i = 1,2. Then either

) Ao € op(A) with eigenvector (fjg) for some v € C, or
i) \g € op(A) with eigenvector z, or
D)

i) \g € o,(D) with eigenvector z9.
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3. Other properties  [LMT’01, LMMT’01] angle <

Theorem 3. Let \g € W%(.A) be a cornet,
det (AM ~ Ao) —0,

with ¥ € H;, ||2?]] = 1, for i = 1,2. Then either

) Ao € op(A) with eigenvector (fjg) for some v € C, or
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i) \g € o,(D) with eigenvector z9.

Theorem 3. )y € W?(A) corner = My € o(A)Uoc(A)Ua(D).
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3. Other properties  [LMT’01, LMMT’01] angle <

Theorem 3. Let \g € W%(.A) be a cornet,
det (AM ~ Ao) —0,

with ¥ € H;, ||2?]] = 1, for i = 1,2. Then either

) Ao € op(A) with eigenvector (fjg) for some v € C, or
i) \g € op(A) with eigenvector z, or
D)

i) \g € o,(D) with eigenvector z9.

Theorem 3. )y € W?(A) corner = My € o(A)Uoc(A)Ua(D).

Theorem 4. [[(A—X)""|| < LA+ X
dist (A, W2(A))

A ¢ W2(A).

27
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3. Other properties  [LMT’01, LMMT’01]

angle <«

Theorem 3. Let \g € W%(.A) be a cornet,
det (AM ~ Ao) —0,

with ¥ € H;, ||2?]] = 1, for i = 1,2. Then either

) Ao € op(A) with eigenvector (fjg) for some v € C, or
i) \g € op(A) with eigenvector z, or
D)

i) \g € o,(D) with eigenvector z9.

Theorem 3. )y € W?(A) corner = My € o(A)Uoc(A)Ua(D).
_ A+
dist (A, W2(A))

A ¢ W2(A).

Theorem 4. |[(A - A)_lﬂ 5
Theorem 5. dimHy >2 — W(A) C W?(A),
dmH, >2 = W(D) c W*(A).
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4. Block diagonalization [LMMT’01]

Ass. dimH,dmH, > 2, W2(A)=F UF (wlog W(A) C F).
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4. Block diagonalization [LMMT’01]

Ass. dimH,dmH, > 2, W2(A)=F UF (wlog W(A) C F).
— o(A) =01Uo9, L1, Lo corr. spectral subspaces.
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4. Block diagonalization [LMMT’01]

Ass. dimH,dmH, > 2, W2(A)=F UF (wlog W(A) C F).
— o(A) =01Uo9, L1, Lo corr. spectral subspaces.

Theorem 6.

) There exist K1 € L(H1,Hs), Ko € L(Ha, H1):

K
ﬁlz{( xl):xléHl}, LQZ{( 23:2):3@67‘(2};
K1z L2
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4. Block diagonalization [LMMT’01]

Ass. dimH,dmH, > 2, W2(A)=F UF (wlog W(A) C F).
— o(A) =01Uo9, L1, Lo corr. spectral subspaces.

Theorem 6.

) There exist K1 € L(H1,Hs), Ko € L(Ha, H1):

K
ﬁlz{( xl):xléHl}, LQZ{( 2332):33267_(2};
K1z L2

) K, K are solutions of Riccati equations, e.g.

K\BKi1+ KiA— DK —-C = 0;
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4. Block diagonalization [LMMT’01]

Ass. dimH,dmH, > 2, W2(A)=F UF (wlog W(A) C F).
— o(A) =01Uo9, L1, Lo corr. spectral subspaces.

Theorem 6.

) There exist K1 € L(H1,Hs), Ko € L(Ha, H1):

K
ﬁlz{( xl):xlé'Hl}, LQZ{( 2332):1;267_(2};
Kixq L2

) K, Ky are solutions of Riccati equations, e.g.
K\BKi1+ KiA— DK —-C = 0;
i) A is block diagonalizable:

—1
I K A B I K\ (A+BEK 0
Ky I Cc D) \K, 1] 0 D+CKy |’

Quadratic numerical range — p.13/17



5. Block numerical range (BNR) [WT'03]

Now: H ="H; x --- x H, with Hilbert spaces H1, ..., H,,
A o A

A= (Aij)zjzl _ E : , A€ L(Hj,Hi).
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5. Block numerical range (BNR) [WT'03]

Now: H ="H; x --- x H, with Hilbert spaces H1, ..., H,,

. A - Agy

A = (Aij)z'jzl — : Aij EL(H]‘,H/,;).
| Anl Ann

:-Axl ..... a:n_)\
Definition. - 7 ~
(A1, 21)—A (A1pzy, 1)
Wn(.A):{)\ECC: det : : =0
(Anlxla xn) T (Annxna xn)_)\

for some x; € H;, ||z;i|| =1, © = 1,...,n}

— U Op (Axl,...,xn)

i ]|=1

Is called (n-) block numerical range (BNR) of A.
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5. Block numerical range (BNR) [WT'03]

Now: H ="H; x --- x H, with Hilbert spaces H1, ..., H,,

. A - Agy

A = (Aij)z'jzl — : Aij EL(H]‘,H/,;).
| Anl Ann

::Axl ..... a:n_)\
Definition. - 7 ~
(A1, 21)—A (A1pzy, 1)
Wn(.A):{)\ECC: det : : =0
(Anlxla xn) T (Annxna xn)_)\

for some x; € H;, ||z;i|| =1, © = 1,...,n}

— U Op (Axl,...,xn)

i ]|=1

Is called (n-) block numerical range (BNR) of A.

Note: Ae M,(C) = o(A) =W"(A)!
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Theorem 7. If n>n and H = ﬁl X oo X ﬁﬁ IS a "reflnement” of
H=H; x - xH,, then

AN

WA(A) © W(A).
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Theorem 7. If n>n and H = ﬁl X oo X ﬁﬁ IS a "reflnement” of
H=H; x - xH,, then

AN

WR(A) C W(A).

Corollary.  op(A) C - CW"(A) C--- C W?(A) Cc W(A),

og(A)C---CcWnr(A) C---CW?(A) Cc W(A).
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Theorem 7. If n>n and H = ﬁl X oo X ﬁﬁ IS a "reflnement” of

H=H; x - xH,, then .
WA c W"(A).

Corollary.  op(A) C - CW"(A) C--- C W?(A) Cc W(A),

oAy C---CcWr(A) C---CW?(A CcW(A).

(1Al + [A)"
ist (A, Wn(A))"

Theorem 4. ||(A - A)_lH < - A Wn(A).
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Theorem 7. If n>n and H = ﬁl X oo X ﬁﬁ IS a "reflnement” of
H=H; x - xH,, then

AN

WA(A) © W(A).

Corollary.  op(A) C--- CW"(A) C--- C WA Cc W(A),

og(A)C---CcWnr(A) C---CW?(A) Cc W(A).

(1Al + [A)"
ist (A, Wn(A))"

Theorem 4'. ||(A— A)_lH < - A Wn(A).

Theorem 6. IfdimH; > nand W"(A) = F U ... UF, with "strongly
separated” F;, then there are K;; € L(H,;, H;) and Z; € L(H;) with

I ... K\ [Ay - Ay, I ... Ky, A 0
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1.5

0.5

0.5

Numerical range of

1000 1 0 )
0100 0 1
00 i 0 0 i
000 i i 0
100 i 1+i 0
01 i 0 0 1+i)
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1.5

0.5

ONR of

(1 0/00 1 0 )
0 1/0 0 0 1
0 0|i 0 0 i
0 0|0 i i 0
1 0l0 i 1+i 0

\0 1]i 0 0 1+i)
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1.5

0.5

CNR of

(1. 0/0 0| 1 0 )
0 1/0 0] 0 1
0 0/i 0] O i
0 0l0 i| i 0
1 0/0 i|l+i O
\0 1]|i 0] 0 1+i/
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1.5

0.5

I
0.5

I
1.5

4-BNR of

0 0| 1
0 1 0| 0 1
0 0 0| 0 i
0 0 i 0
1 0 i|1+i| 0

\01 oo1+i)
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1.5

0.5

I
0.5

I
1.5

5-BNR of

(10001 0 )
0 1(0]0] 0 1
0 0[il0] O i
0 0[0]i]| i 0
1 0|0|i|1+i| O
\011001+1)
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1.5

0.5

I
0.5

I
1.5

6-BNR of

(10001 0 )
0|1/0[0] 0 1
0|l0|il0] O i
0l0|0|i| i 0
1{0]0]i|1+i]| O
\011001+1)
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1.5

0.5

0.5

1.5

Numerical range, ONR,
CNR, 4-BNR, ... of

(1000 1 0 )
0100 0 1
00 i 0 0 i
000 i i 0
1 00 i 1+i 0
\0 1 i 0 0 1+i)
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Further results and work in progress [T'08]

e BNR of companion operators and NR of operator polynomials;
e Variational principles for eigenvalues in spectral gaps;
e ONR for unbounded block operator matrices;

e QNR and BNR for analytic block operator matrix functions like

_ (AN B .
A(N) = (C()\) D(A)) N Hp X Ho;

Open problems:

o Can a component of W?(A) have a hole?

e Does dimension condition imply "strongly separated"?
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