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0 0
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@ Problem (1) is not contained in the standard literature in computational
stochastics, e.g.,

o Kloeden & Platen (1992) and
o Milstein (1995)

since 1 and o are not assumed to be globally Lipschitz continuous.
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N

z[3
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The explicit Euler scheme Y": Q — R? ne€ {0,1,...,N}, N € N,is
givenby YV = ¢ and

= L () + o () (Wesr — W)

foralln € {0,1,...,.N—1}, Ne N.

Theorem (Maruyama 1955; Kloeden and Platen 1992)

Let 1 and o be globally Lipschitz continuous. Then there exists a real number
C € [0, 00) such that

forall N € N.

Convergence of Euler's method is well understood in the Lipschitz case.
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Convergence of Euler's method

im E| [ =] =0, i [E[lxl2] —E[IvIE]| = o
oo

N—o00

for SDEs with superlinearly growing coefficients such as

an SDE with a cubic drift and additive noise:

aX; = —X>dt+dW;,, Xy =0, t€[o,1]

remained an open problem.
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Gydngy (1998) established pathwise convergence, i.e.

Jm [Ixr—vyll=0  Pas.

Higham, Mao and Stuart (2002) showed a conditional result: If Euler’s
method has bounded moments

supE[ sup HYNH 2+€] < 0
NeN 0<n<N

for some € > 0, then Euler's method converges

Jm [P = i) =0, gim_[E[Ixrl2] — B[]

“In general, it is not clear when such moment bounds can be expected
to hold for explicit methods with f, g € C'.«
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such that

x|
c

()] + lo(x)] =

for all |x| > c.
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Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then
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the explicit Euler method in the deterministic case:
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Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then

= OQ.
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Compare: This divergence is in fundamental constrast to the convergence of
the explicit Euler method in the deterministic case: In the case &
deterministic and o(x) = O forall x € R,

Arnulf Jentzen Nonlinear SDEs



Convergence for SDEs with superlinearly growing coefficients

Theorem (Hutzenthaler, J & Kloeden 2009, 2011)

Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then

= OQ.

R e

Compare: This divergence is in fundamental constrast to the convergence of
the explicit Euler method in the deterministic case: In the case &
deterministic and o(x) = 0 for all x € R, the explicit Euler method does
converge:

Arnulf Jentzen Nonlinear SDEs



Convergence for SDEs with superlinearly growing coefficients

Theorem (Hutzenthaler, J & Kloeden 2009, 2011)

Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then

= OQ.

R e

Compare: This divergence is in fundamental constrast to the convergence of
the explicit Euler method in the deterministic case: In the case &
deterministic and o(x) = 0 for all x € R, the explicit Euler method does
converge: limy_.o0 E[| X7 — YN/[?] = o.

Arnulf Jentzen Nonlinear SDEs



Convergence for SDEs with superlinearly growing coefficients

Theorem (Hutzenthaler, J & Kloeden 2009, 2011)

Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then

= OQ.

R e

Compare: This divergence is in fundamental constrast to the convergence of
the explicit Euler method in the deterministic case: In the case &
deterministic and o(x) = 0 for all x € R, the explicit Euler method does
converge: limy_.o0 E[| X7 — YN/[?] = o.

Recent reviews of this divergence result include:

Arnulf Jentzen Nonlinear SDEs



Convergence for SDEs with superlinearly growing coefficients

Theorem (Hutzenthaler, J & Kloeden 2009, 2011)

Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then

= OQ.

R e

Compare: This divergence is in fundamental constrast to the convergence of
the explicit Euler method in the deterministic case: In the case &
deterministic and o(x) = 0 for all x € R, the explicit Euler method does
converge: limy_.o0 E[| X7 — YN/[?] = o.

Recent reviews of this divergence result include: Higham (2010),

Arnulf Jentzen Nonlinear SDEs



Convergence for SDEs with superlinearly growing coefficients

Theorem (Hutzenthaler, J & Kloeden 2009, 2011)

Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that
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Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then

= OQ.

R e

Compare: This divergence is in fundamental constrast to the convergence of
the explicit Euler method in the deterministic case: In the case &
deterministic and o(x) = 0 for all x € R, the explicit Euler method does
converge: limy_.o0 E[| X7 — YN/[?] = o.

Recent reviews of this divergence result include: Higham (2010),

Szpruch (2010), Mao & Szpruch (2011), Kruse (2011),
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Convergence for SDEs with superlinearly growing coefficients

Theorem (Hutzenthaler, J & Kloeden 2009, 2011)

Letd=m=1,letp,o € C', letP[c(&) # 0] > 0 andletcr,c > 1 be
such that

u(x)] + |o(x)] = 22

for all |x| > c. If the exact solution of the SDE satisfies IE[| X7|?] < oo, then

= OQ.

R e

Compare: This divergence is in fundamental constrast to the convergence of
the explicit Euler method in the deterministic case: In the case &
deterministic and o(x) = 0 for all x € R, the explicit Euler method does
converge: limy_.o0 E[| X7 — YN/[?] = o.

Recent reviews of this divergence result include: Higham (2010),

Szpruch (2010), Mao & Szpruch (2011), Kruse (2011), Wang & Gan (2011).
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Convergence for SDEs with superlinearly growing coefficients

Examples of SDEs

Divergence of Euler's method

N—o00 N—o0

lim E“XT - Y,(‘,’]z] =00, lim ‘E[(XT)Z] —E[(Y,O’)zﬂ = oo
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Divergence of Euler's method

lim E“XT - Y,(‘,’]z] =00, lim ‘E[(XT)Z] —E[(Y,O’)zﬂ = oo

N—o00 N—o0

holds for:

A SDE with a cubic drift and additive noise:

dX; = —X2dt+adW,, X =0, te]o,1].
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Examples of SDEs

Divergence of Euler's method

lim E“XT - Y,(‘,’]z] =00, lim ‘E[(XT)Z] —E[(Y,O’)zﬂ = oo

N—o00 N—o0

holds for:

A SDE with a cubic drift and additive noise:

dX; = —X2dt+adW,, X =0, te]o,1].

Variance process in the Lewis stochastic volatility model:

dXe = X; (0 — fiX;) ot + 6(X,)§ aw,,  Xo=x, te€]0,T]
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives

YV=N  positive,
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
YV=N  positive,
(v3')°

N_ yN __ 1
Yi= Y, N
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
YV=N  positive,
(W) =N = N2~

N_ yN __ 1
Yi= Y, N
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Convergence for SDEs with superlinearly growing coefficients

Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
YV=N  positive,

yN=vyV - L(yM)? = N— N2 ~—N? negative,

1
N
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
YV=N  positive,
YV=v) - L (W) =N—N~—N? negative,
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
YV=N  positive,
YV=v) - L (W) =N—N~—N? negative,
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
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Some ideas in the divergence proof of Euler's method

Fix large N € N and consider
X, = —X’dt, Xo=E&=N, te]o,1].
The well known instability of Euler’'s method then gives
YV=N  positive,
YV=v) - L (W) =N—N~—N? negative,

Y= vN — L(YM)® ~ —N2 + N5~ N° >N*  positive,

VN2 NE) Y ke {0,1,2,...,N}

Y| Z N (at least double exponential growth in N).

and, in particular,
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Now consider the SDE

dX; = —XPdt +dw;, X, =0,
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Now consider the SDE

ax; = —X[3 dt + dW;, Xo =0, te [07 1]
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and define
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Now consider the SDE
dXp = —X dt+dW,, X =0, te€]0,1]

and define “events of instabilities”

Qy = {MGQZ sup | Win (w) — Wi (w)]| <1
1<k<N—1 N N
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Now consider the SDE
dXp = —X dt+dW,, X =0, te€]0,1]
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Now consider the SDE
dXp = —X dt+dW,, X =0, te€]0,1]

and define “events of instabilities”

N =

Qn = {we Q: sup

e Wit (w) — W%(w)) <1, Wi (w) — Wo(w) = 3,\,}

for all N € N. Estimates on the previous slide then indicate that
YA(w)| = NE") @)

forallw € Qu, N € N.
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N =

Qn = {we Q: sup
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Now consider the SDE
dXp = —X dt+dW,, X =0, te€]0,1]

and define “events of instabilities”

Wist (w) — W%(w)’ <1, W (W) — Wo(w) > 3N}

N =

1<k<N—1

Qn = {w eQ: sup
for all N € N. Estimates on the previous slide then indicate that
(N—1)
N (w)| > NC*) B

forallw € Qu, N € N. Moreover,
e~ <P[Qy] < e 3)

forall N € N with ¢, ¢ € (0, c0) appropriate. Combining (2) and (3) shows
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for all N € N. Estimates on the previous slide then indicate that
(N—1)
N (w)| > NC*) B

forallw € Qu, N € N. Moreover,
e~ <P[Qy] < e 3)

forall N € N with ¢, ¢ € (0, c0) appropriate. Combining (2) and (3) shows

B[vA] > Plaw] - ME) 5 ol ) Ko

This gives

Arnulf Jentzen Nonlinear SDEs



Convergence for SDEs with superlinearly growing coefficients

Now consider the SDE
dXp = —X dt+dW,, X =0, te€]0,1]

and define “events of instabilities”

Wist (w) — W%(w)’ <1, W (W) — Wo(w) > 3N}

N =

1<k<N—1

Qn = {w eQ: sup
for all N € N. Estimates on the previous slide then indicate that
(N—1)
N (w)| > NC*) B

forallw € Qu, N € N. Moreover,
e~ <P[Qy] < e 3)

forall N € N with ¢, ¢ € (0, c0) appropriate. Combining (2) and (3) shows
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Now consider the SDE
dXp = —X dt+dW,, X =0, te€]0,1]

and define “events of instabilities”

Qn = {we Q: sup

1<k<N—1

maﬂ(w)-m%(wﬁfg1,M@(w)-MQ@»;zsw}

N
for all N € N. Estimates on the previous slide then indicate that
(N—1)
[YN(w)] > NCE"T) @)
forallw € Qu, N € N. Moreover,
e <P[Qy] <o @)
forall N € N with ¢, ¢ € (0, c0) appropriate. Combining (2) and (3) shows
B[vA] > Plaw] - ME) 5 ol ) Ko
. . . _ yNj2] — . 2] N|2 —n0
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Let 1 be globally one-sided Lipschitz continuous, i.e., there exists a real
number ¢ € [0, 00) such that

(x =y, u(x) = uly)) <clx—ylP

forall x, y € RY.
The implicit Euler scheme \7,?’: Q—R,ne {O, 1,..., N}, is given by
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number ¢ € [0, 00) such that
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forall x, y € RY.
The implicit Euler scheme \7,?’: Q—R,ne {O, 1,..., N}, is given by
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Let 1 be globally one-sided Lipschitz continuous, i.e., there exists a real
number ¢ € [0, 00) such that
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forall x, y € RY.
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Convergence for SDEs with superlinearly growing coefficients

Implicitness is a way to overcome this problem

Let 1 be globally one-sided Lipschitz continuous, i.e., there exists a real
number ¢ € [0, 00) such that

(x =y, u(x) — p(y)) <cllx—ylP

forall x, y € RY.

The implicit Euler scheme \7,?’: Q—R,ne {O, 1,..., N}, is given by
¥ = ¢ and

o ~ T ~ ~

v, =+ N w(VY) +a(¥)) (W(nw)r - WLNT)

foralln € {0,1,...,N—1}andalllarge N € N. For N € N Jarge
enough, the implicit Euler method is well defined.
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Convergence for SDEs with superlinearly growing coefficients

Convergence of the implicit Euler scheme

Theorem (Higham, Mao & Stuart 2002)

Let o be globally Lipschitz continuous and let |+ be globally one-sided
Lipschitz continuous with an at most polynomially growing continuous
derivative. Then there exists a real number C € [0, c0) such that

(E[HXT— WHZDZ <C N

forall N € N.

The implicit Euler scheme requires additional computational effort for

computing the zero of a nonlinear equation in each time step.
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method that has been shown to converge strongly
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Some related results in the literature

@ More results on implicit methods in Hu (1996), Szpruch (2010), Mao
and Szpruch (2011), . ..
@ In the setting of the Langevin equation (dX; = —V U(X;) dt + dW,):
@ A similar approximation step in Roberts and Tweedie (1996) as a
proposal for the Metropolis-Hastings method (MALTA).
o Bou-Rabee, Hairer and Vanden-Eijnden (2010) shows exponential
moment bounds and convergence in a weak sense (total variation
distance) of a “patched” MALA.

@ Milstein, Platen and Schurz (1998) considers a related class of
numerical methods in the global Lipschitz case (BIM).

In the setting of nonlinear SDEs considered here, the tamed Euler method, is
- to the best of our knowledge - the first explicit numerical approximation
method that has been shown to converge strongly to the exact solution of the
SDE.
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Some ideas in the convergence proof of the tamed Euler scheme

In the case o(x) = 0 for all x € R we have

_ VAV I [ S 0]
Ikl = [+ | < 1+
< |[vafl +1

forall n € {0,1,...,N — 1} and therefore ||Yy|| < [|¢]| + Nforal
N € N (at most linear growth in N).
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foralln € {0,1,...,N—1}, N € N, i.e., tamed Euler method coincides
with explicit Euler method up to terms of second order.
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= —X dt + X, dW;, X, = 1,t € [0,1].

~* - |Implicit Euler scheme
—e— Tamed Euler scheme
e e 1/(5000*sqrt(.)) 4
- - - Approximation error 1/1000

Root mean square approximation error

107 107 10° 10° 10*

Runtime in seconds
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Summary and message of the talk

For the nonlinear SDEs considered here:

@ The explicit Euler scheme, does, in general, not converge strongly to
the exact solution of the SDE (see Hutzenthaler, J & Kloeden 2009).

@ This is in fundamentral constrast to the convergence of the explicit Euler
method to the exact solution in the deterministic case.

@ There exist explicit numerical approximation methods which
overcome the lack of convergence of the explicit Euler method and
which converge strongly to the exact solution of the SDE (see
Hutzenthaler, J & Kloeden 2010). For convergence, there is thus no
need of implicitness.
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Many thanks for your attention!

Arnulf Jentzen
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