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The construction of a steady-state optimisation framework
~ gradient-based (deterministic)
~ constrained
~ for large-scale systems
~ including a few degrees of freedom compared with dependent variables

+ Typical situation in engineering design problems

~ using steady-state, iterative simulators

+ computationally efficient for large-scale non-linear problems
Wraps around existing (e.g. commercial/black-box) simulators
Computationally efficient
~ Based on model reduction technology
Extend the optimisation schemes designed for dynamic simulators’

*Luna-Ortiz, E. and C. Theodoropoulos (2005) Multiscale Modeling & Simulation 4(2): 691-708.
*C. Theodoropoulos and Luna-Ortiz (2006) in Model reduction and coarse-graining approaches for multiscale phenomena, p.535-560.
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The algorithm presented here:
deals with the optimisation problem:

min f(x)
s.t. G(x) =0,
H(x) <0 and
XL < x < xY

where x: x" = [uT z'], is the joint vector of:
~ the dependent (u) and
» the independent (z) variables:

An input/output simulator is used for the solution of G(x) =0
~ A formula for the calculation of H(x) need not be explicitly provided as well
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[

(P

LIC

(D

/ IIHEY EIEsE: /L{ Evaluate f, Vf, G, VG ]‘
Xgs Bg = | :

[Calculate the bases Z,Y: Z= [ (V,GT)" VZG‘] Y= [I]
I 0

v

Calculate the reduced Hessian, By =Z"B Z
and search direction: p, = - (GTY)G

|

v

( Solve the QP subproblem: h
min (Z'Vf + ZTVBY p,)" p+ V2 p,'Brp;

9 s.t. ZT(xL - x) < p,< ZT(xY - x) Y
c : D
Calculate the Lagrange multipliers, A:

L (YTBYp, + YTBZp, + YTVf) A = - YTVf )

v
[ Update solution: x = x + (Y p, +Z p;) ]

/\

onvergence

P
<

*e.g.: Biegler, et al. (1995). Siam Journal on Optimization 5(2): 314-347

d Hesslan method

This method:

decomposes the search space in two
subspaces, with bases Z & Y

Z spans the tangent space of (V,G)"

It employs the solution of a QP
subproblem in every iteration

The QP is based on a reduced
Hessian, of size equal to the number of
degrees of freedom

If steady states are calculated in
every step, py =0

Problems
Expensive for large problems
Based on handling of large matrices

Requires inverting the Jacobian in
each step
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The separation of scales is exploited for model reduction’

Eigenspectrum of a steady-state model

Nominally, two clusters of eigenvalues
In the eigenspectrum et e e, ‘
~ There is a gap in between '_ ‘_‘-‘_: 2o ) « "
» The rightmost eigenvalues are the —— :E :_ S .
domimant ones et et . *
We can work merely on the low- vroe s T .
dlmenSIOnaI domlnant SUbSpace Bulk of eigenvalues Cluster of right-most

(dominant) eigenvalues

~ Good approximation of the system
Jacobians (H) and Hessians (Bg) involved in this formulation

# |ow-dimensional
~ projections of the original ones onto the dominant subspace (P)

~ this subspace can be identified using subspace iterations

*Meerbergen, K., et al,Bit, 1994. 34(3): p. 409-423; Shroff, G.M. and H.B. Keller, Siam Journal on Numerical AnalysisAé& 30(4): p. 1099-1120.
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ngm (
/'"'tla| guess: / Steady state simulation W
Xo: Bg Evaluate x, f and Vf j

N
4
-
Model reduction
Compute Z and H
N
4

[Calculate the basis Z*: Z* = {ZH'1ZTVZGﬂ
I

v

[ Calculate the reduced Hessian, B; = Z*TB Z* ]
v

Solve the QP subproblem:

v
[ Calculate the Lagrange multipliers, ¢: HT¢ = - Z*TYTVf ]
v
[ Update solution: x = x + Z* p,. ]
v

&
)l

The algorithm presented:

Is model reduction-based

Employs a 2-step projection
~ 1. onto the dominant system
subspace

~ 2. onto the subspace of the
degrees of freedom

Only low-dimensional Jacobians
(H) and Hessians (Bg) are used

Those are calculated through
numerical perturbations

A QP subproblem is solved in
every iteration, using projection of f
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Andnoroved versior)

|
J

P
/Initial guess: / | Steady state simulation
Xg; By Evaluate x, f and Vf
; ;
Model reduction
L Compute Z and H

|

v

[Calculate the basis Z*: Z* = {ZH*ZTVZGH

v

[ Calculate the Lagrange multipliers, ¢: HT¢ = - Z*TYTVf ]

v

[ Calculate the reduced Hessian, B; = Z*TB Z* }
v

Solve the QP subproblem:

min(Z*TVf) p,+p,1Brpz s.t. (Xt -Xx) £ Z*p,.< (XY - x)

v
[ Update solution: x = x + Z* p,. ]

v

oo

The reordering:

Implemented to reduce
computational cost

Lagrange multipliers are
calculated before updating Bg

No need to update the basis after
the QP step

Subspace iterations are used only
once per iteration

Is based on assumption:

~the basis for the dominant
subspace after QP step good
approximation of the basis for the
feasible point of the next iteration

This incurs loss of accuracy

For the first iterations we use the
reordered version of the algorithm

Near the optimum point we revert
to the standard algorithm

Computational gain: ~10-20%
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First Projection:
P the low-dimensional dominant subspace
~ identified adaptively through subspace iterations

~ Let Z an low-dimensional orthonormal basis for this subspace
~ Z is extended to include the subspace of the independent variables:

Zext= Z O
0 I

So the 15t projection is onto the dominant subspace and is orthogonal

Second Projection:
Onto the subspace of degrees of freedom
» Also low-dimensional but non-orthogonal
The corresponding basis Z. now only based on H
nZ =[ -H1Z™V,G }
I
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The basis for the overall projection is Z2*=Z_,Z.=
{z o}{- H-1 ZTVZG} = { ZH"'ZT VZG}
0O | I I

~ where H is the projection of the Jacobian
+ onto the dominant subspace P: H=2TV G'Z

So reduced Hessian is now computed:

» Bg=ZTBZ" = Z(Z'BZow)Z,

Computation of the low-dimensional Hessian

~ based on numerical directional perturbations to the direction of Z
Lagrange multipliers are also needed to calculate B

In reduced Hessian calculated by: A=-(V,G)'V f, A e ®N
~ where N is the number of dependent variables

Here projection of Aonto P: ¢ =ZA=-(H")'ZTV f ¢ € R

~ where m is the size of the basis Z S
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rleindlinig of Inequality consiralnis

The inequality constraints are aggregated using a KS function®
For a set of inequality constraints, h(x) = 0, the KS function is:

KS(h,)= lIn[z,ilexp(phj)] or KS(h)=M+ lln[z,;exp(p(hj — M))], M~ max(h))
p P

The 2 forms are equivalent, the second achieving better numerical robustness
~ 2 important properties of KS: KS(xp)2max (). p >0 and fim KS(x,p) =mex(n,(x)

So the optimisation problem becomes:
min f(x) sth(x)<0 = minf(x) stKS(x,p)<0

The objective function can be modified to include the KS function™*
» Eliminating all inequality constrains

In the proposed optimisation scheme
»~ The inequality constraints are aggregated following the KS approach
» The projection of the KS function is added to the objective function
~ Hence the extra computational cost is minimal

* C.G.Raspanti, et al, Computers and Chemical Engineering 24 (2000) 2193-2209 /
** G.C.ltle et al, Computers and Chemical Engineering 28 (2004) 291-302.
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) aes

4 The model of the reactor consists of two PDEs”. At s.s.:

2
19 );1 _ 9% +Da(1-x,)exp =0
Pe, oy 0y +X2/y

2
1 ax22_ 10%,_ P x2+£Da(1—x1)exp X2 +BX2W:O

LePe, oy Le oy Le Le 1+ X, /y Le

~ where x,: dimensionless reactant concentration and

~ X,: dimensionless temperature,

2 Boundary conditions:

X _pex =0, X2_pex,-0 at y=0 and ZXi—0, P2_0 at y-1
oy oy ay oy

a Parameter values
#Le=1.0,Pe,=Pe,=5.0,y=20.0,3=1.50,C =12.0,Da=1.0
s¥Discretized in 250 nodes using Finite Differences producing 500 unknowns

“Jensen, K. F. and W. H. Ray (1982). Chemical Engineering Science 37(2): 199-222
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Problem statement
max X,| ., Sst.F=0F,=0

0<x| <1, 0<x,| <1, keQ

Dominant subspace size: m=10

Results

Convergence in 9 iterations
Optimal Da = 0.1139
Optimal dimensionless T = 6.055

8
7
B
5L
4
3
2
1

! I I I I I I I I I
0.1 011 012 0.13 0.14 0.15 0.16 017 0.18 0.18 0z

Optimisation path: o: Newton steps; o: QP steps

Dimensionless
concentration (x1)

— 1.00 -
0.80 -
0.60 -
0.40 -
0.20 1
0.00

Only equality constraints

0.00

0.20 0.40 0.60

Dimensionless length (y)

0.80 1.00

Dimensionless

concentration (x1)

Only equality constraints

0.00

0.20 0.40 0.60

Dimensionless length (y)
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Iteration

Convergence curves

f
ce delie
Iter X1 f | YAV ” [1Z*pZ*|
1 2.001723 -0.99861 2.999592 1.70E-02
2 2.345387 -0.99937 4.136745 3.901032
3 2.556146 -0.99888 4.122835 1.068498
4 2.614274 -0.99871 4.136222 0.871199
5 2.528722 -0.9988 4.146356 0.344318
6 2.507706 -0.99884 4.156351 0.264178
7 2.483171 -0.99887 4.156247 1.46E-02
8 2.482629 -0.99887 4.156174 1.52E-04
9 2.482617 -0.99887 4.156174 9.93E-06
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* Tubular reactor with 3 cooling zones

) ) )

» In this case the x,,, is given by:

=Sy Hy -y, =Y vem e

j=1

» the 3 wall temperatures (x,,) are the independent variables

2 Problem Formulation

exit

0<x| <1 0<x| <1 keQ

Z Numerical Detalls

~ Discretization using Finite Differences over a mesh of 250 nodes
+ 500 dependent variables (dimensionless concentrations and temperatures)
+ 3 independent ones (dimensionless temperatures of the cooling Zones)
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Size of the dominant subspace: m=10
Convergence in 10 iterations

Optimal values found:
# Xowq = 2.483, Xo 2 = 0.5254, X,,, 5 = 4.000.
» Optimal x| = 0.99868

_\
™~
I}

1 4

0,2

Dimensionless concentration (x)
Dimensionless temperature (x2)

S ,,,,,,,i Wall Temperature

,,,,,,,,,,,,,,,,,,,,,,,,

| |—— Reactor Temperature

,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

0,00 0,20 0,40 0,60 0,80 1,00 0,00

Dimensionless length (y)

0,20 0,40 0,60 0,80 1,00

Dimensionless length (y)

Dimensionless concentration profile Dimensionless temperature profile

for the optimum x,,,

for the optimum x,,,

i
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Canvergerice deiz)
450E400 | ‘ ‘ lter X1 X2 Yo f Zvi 122"
4,00E+00 & —————————- S — . 1 2.001723 1.999998  2.000082  -0.99861 2.999592 1.70E-02
gggggg I\ 77777777777 777777777777777777777777777 2 2.345387 0.337519  4.000000  -0.99937 4.136745 3.901032
T 2506400 - ----\-- - . SRR 3 2.556146 0.00000  4.000000  -0.99888 4.122835 1.068498
AR\ 4 aewae oS0 400000 Osteri  4f%zz 0871
1.00E+00 1 ] | 5 2.528722 0.441204  4.000000 -0.9988 4.146356 0.344318
5,00E-01 4f---------- TN —_— 6 2.507706 0.526858  4.000000  -0.99884 4.156351 0.264178
DR 1 3 5 ] o 7 2.483171 0525977  4.000000  -0.99887 4.156247 1.46E-02
lteration 8 2.48249 0525341  4.000000  -0.99887 4.156166 1.59E-03
9 2.482629 0.525402  4.000000  -0.99887 4.156174 1.52E-04
10 2.482617 0.525397  4.000000  -0.99887 4.156174 9.93E-06

In(lIZp-1)

Iteration
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Problem Statement (1DOF) Problem Statement (3DOFs)
max Xs| o st.F,=0,F,=0, max Xl st.F,=0,F, =0,
0<x| <1, 0<x,| <1, keQ, 0<xif, <1 0<x,f <8 keQ
| <4, k={125,...,130} (%o, +%al,.,) <160, k ={125,127,129)
k

+  Dominant subspace size: m=10 for both cases

Implementation

“  The inequality constraints were treated using the KS approach.
4 Scaled variables are defined: X, = %1, X, = % with x4, ~max(x,) and g, ~ max(x,)
“ A vector functlon for the nonlinear inequality constraints is defined:

h = (%], + %, ) — 40/ p,%, k=i+124

“ The KS function can now be computed:

“ The equivalent optimisation problem solved, is:
max (%, +KS(h;)) st.F,=0,F,=0,

XZW

KS(h,) =M +—In[ZJ_ exp( p(h, —M))}, M ~ max(h,)
Yo, j=1 ] J

0< x| <1, 0<x,|, <8, keQ
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I-) )\ C. I l . 5 I I A.f‘ . . l J
Fesults for 7 dof case siucdy
1,00 - ‘
Obj ective _ —— Only equality constraints |
UK X o @ x 080 1 Optimal with all constrains |~~~ -~ a
Q I
— — c © 0,60 i ;
st.F,=0,F, =0, § 3 : |
0<x| <1, 0<x| <1 keQ, Do R gl -
k k E g ; :
x| <4, kel ={125,...,130} 2 g %1 | 3
0,00 | ‘ ‘ | | |
Dominant subspace size: m=10 L L Ol ey Of LI
The inequality constraints were treated Dimensionless length (y)
using the KS approach (Case B).
;'g ——Only equality constraints |
Results o & 5'0 ——Inequality constraints | 77777777777
Qo g - 0 I
Convergence in 9 iterations 5 S 40 Optimal with all constrains
» 12 if inequality constraints are considered S el i T
: : EE 20+ r T et - - - R
The constraints are active and met 83 ., |
Optlmal Da found: 0.0 | ] : : i ‘
~ Case A: 0.1139 Case B: 0.1114 0.00 0.20 0.40 0.60 0.80 1.00
Optimal dimensionless temperatures: Dimensioniess lengthi(y)

~ Case A: 6.055 Case B: 5.092
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I— m Ca lr*a _r' f ,,:)
Results tor 3

12 iterations for convergence

» 10 iterations for the equality constraints
case

The constraints are active and met
Optimal values found:
* Xow 1= 1.7915, X5, 5 = 0, X5, 3= 0.

» Optimal x,|, = 0.9932
§ 1.2
E o1
(= I |
Q | I I
2 0.8 +----—~— >~ B R e
O | | |
QO ~
P R - - - - - - - - - - - ------- - - oo
(7] | | |
2 O 4 10— D .. ' T ' PN
§ - : | |
2 D - - D I —— Only equality constraints
qg’ Optimal with all constrains
E 0 T T T 1
0.00 0.20 0.40 0.60 0.80 1.00

Dimensionless length (y)

Dimensionless concentration profile
for the optimum x,,,

r [
A M) O /& .
of case siudy
1.20E+01 -
1.00E+01 -
8.00E+00 -
= B.00E+00 +f---\-----/- N
a
N 4.00E+00 +f-----\--f---\ -
2.00E+00 -
0.00E+00 ‘ N—— T
-2 00E+00 1 3 5 7 9 11
Iteration
Convergence curve
——Only equality constraints
0 ; ; ; ; === nequalty constraints
| | | | Optimal wth all constrains
Cooling Zone Tempereture

,,,,,,,,,,,,,,,,,,

***************************************************************

o

P00 00 0% 040 05 080 00 0% 0% 1

Dimensionless length (y)

Dimensionless temperature profile
for the optimum x,,,
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Case siudy Il Trig counterflow |t rezcior

Carrier Gas

Reaq:ta nt

T=300K
I
T

L | — : t-C,HAsH, — i-C,H , + AsH

ox i (A=12x 105!, E, = 41.5 keal/mol)

______________________________ ! _
Sy | ¢-C,H,AsH, — 1-C,H, + AsH, p=0.1bar
/ : (A=1.7 % 10" 57!, E, = 48.5 kcal/mol)

Carrier Gas XN2=1 . T=990K, VLJ=01Cm/S

Schematic of the Formulation of the model of the counterflow jet reactor

conceptual reactor

Problem statement:

“ maximize the yield of AsH w.r.t. the velocity of the upper stream
~ s.t. the momentum and energy balances are satisfied

* This implies:
* maximal decomposition of the tert-butylarsine (TBA)
« minimal production of the toxic by-product arsine (AsH;)

"Safvi, S.A. and T.J. Mountziaris, AIChE Journal, 1994. 40(9): p. 1535-1548.
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The model for the reactor was set up using MPSalsa’
State-of-the-art massively parallel CFD code

~ developed at SANDIA National Laboratories
Implements the Finite Element Method

~ Unstructured meshes

~ Inexact Newton with iterative linear solvers (GMRES, CG, etc.)
MPSalsa was used by our optimisation scheme as black-box

The model of the counter flow jet reactor

~ consists of 19040 dependent variables:
+ temperatures,
+ concentrations,
+ pressures and
+ velocities

~ 1 degree of freedom (the velocity of the upper stream)

* Shadid J, Hutchinson S, Hennigan G, Moffat H, Devine K, Salinger AG, Parallel Computing 1997. 23: 1307-1325
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m=12

The proposed algorithm converged in 9 iterations
The optimal inlet velocity found was -0.8193cm/s
Optimal yield of AsH: 80.34%

Convergence behaviour:
~ could possibly be enhanced by implementing line searches

70,000 -
60,000 -
50,000 -

T 40000 -

N 30,000 |
20,000 -

10,000 -

0,000

1 3 5 7 S

Iteration
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Xtga Profile at the optimum V4

Temperature
. 290,
a1
_ [~
—
472,
200,

Temperature at the optimum V¢

Vo x

! a.581
| =' 264

0.878

1.85=-4

x-velocity profile at the optimum V¢

Variaole orgfilas at trie ogtirnurrs

. 2e-d
5.4e-4
1.8e-4
0.0e-0

Xy Profile at the optimum V¢

ASH3

!U.[ID1

| - 7.55=-5

—
2.52e-5

0.000

Xash, Profile at the optimum Vg

Vy

!D. 101
- 0,183

0753

-1.04

y-velocity profile at the optimum Vg
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Conclusions

Optimisation framework for large scale steady-state problems
~ Including both equality and inequality constraints
~ With few degrees of freedom
~ Using input/output iterative steady state solvers
It employs a 2-step projection scheme:
~ Firstly onto the low-dimensional dominant subspace of the system
~ Secondly onto the subspace of the few degrees of freedom
Only low-order Jacobians and Hessians need to be computed
~ Calculated through few directional numerical perturbations,
~ Good scaling-up with problem size

~ Significant speedup and lower memory requirements
+ in comparison to methods that utilize full Jacobians

An improved, less expensive version, has also been developed
This algorithm has been applied for the optimisation of:
~ a tubular reactor where an exothermic reaction A — B takes place
~ a counter flow jet reactor for the decomposition of TBA
+ Using a state-of-the art FEM code based on iterative linear algebra solvers
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