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Symmetric eigendecomposition and SVD

» Symmetric eigenvalue decomposition (symeig): for
A =AT e R

A=V diag(i,....4,) V" (= VAVT),

where VIV =1,. A; > --- > A, are the eigenvalues of A.

» SVD: for any A € R™" (m > n),
A=U-dag(oy,....,on- V" (= UZVT),

where UTU = I,,, VIV =1,. 0y 203 >--- > 0, > 0 are the
singular values of A.
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Standard algorithm for symmetric eigendecomposition

1. Reduce matrix to tridiagonal form

*

Hp,, Hg Hp,Hg

*
*

I
~

* ¥ x % ¥
ERE I T
* % % % %
* ¥ % % ¥
* % % % ¥
* % % %

Accumulate orthogonal factors: A = VAT V4 where V4 = (T Hp)"
2. Compute eigendecomposition T = VBAV{,? (QR, divide-and
conquer, MRRR, ...)
3. Eigendecomposition: A = (VAVp)A(VEVI) = VAVH
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Standard algorithm for symmetric eigendecomposition

1. Reduce matrix to tridiagonal form
= Expensive in communication cost
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Accumulate orthogonal factors: A = VAT V4 where V4 = (T Hp)"
2. Compute eigendecomposition T = VBAV{,? (QR, divide-and
conquer, MRRR, ...)
3. Eigendecomposition: A = (VAVp)A(VEVI) = VAVH
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Standard algorithm for symmetric eigendecomposition

1. Reduce matrix to tridiagonal form
= Expensive in communication cost

* * * * * *

* * * * *

Hp,, Hg
-

Hp,Hg
BN

*
* * *

I
~

* ¥ x % ¥
ERE I T
* % % % ¥
* % % %

* *

* *

Accumulate orthogonal factors: A = VAT V4 where V4 = (T Hp)"
2. Compute eigendecomposition T = VBAV{,? (QR, divide-and
conquer, MRRR, ...)
3. Eigendecomposition: A = (VAVp)A(VEVI) = VAVH

We develop completely different algorithms based on
spectral divide-and-conquer
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Spectral divide-and-conquer algorithm for symeig

* % % % o® %
* % % % % %
* % % % % %
* % % % % %
X % % % % %
X% % % % %
P
X% % % % %
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Spectral divide-and-conquer algorithm for symeig
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Spectral divide-and-conquer algorithm for symeig

® % % %

* % % %
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* % % *

* % % ¥

* % % ¥

* % %

* % %
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*****

ikAVl [V21 V22] =

N [Vzl Vo ]* \%
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Spectral divide-and-conquer algorithm for symeig

* * * *
* * * * * * * *

* * * *
* * * * * * * *

* * * *
* * * * * * * *
* * * * * * * * % * * * *

A_ * * * * * * * * _>V1AV1 - . . . .
e r s s % k% oo
e E s s % Coo e
e E x x x x oo

* *
* *
* *
Va1 ]* * Va1 =
— VIAV =
[ Voo 1 1 Va2 .
* *
* *
s o
Vi1 * . Vi1
V32 [V21 ] * Va1 Vi ;
- : VIAV = diag(4;
Vi3 Va2 1 1 Voo V33 d ag(4)
V34 V3q
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Spectral divide-and-conquer algorithm for symeig

* * * *
e x x x x xx

* * * *
* * * * * * * *

* * * *
* * * * * * * *
* * * * * * * * % * * * *

A_ * * * * * * * * _>V1AV1 - . . . .
e r s s % k% oo
e E s s % Coo e
e E x x x x oo

* *
* *
* *
Va1 ]* * Va1 =
- VIAV =
[ Voo 1 1 Va2 .
* *
* *
s o
V31 * « Vi1
Vi [Vz1 ] * Va1 Vi ;
- : VIAV ; = diag(4;
Vi3 Va2 1 1 Voo V33 d ag(4)
Viq V3q

— not divide-and-conquer for symmetric tridiagonal eigenproblem!
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Executing spectral divide-and-conquer
To obtain

% % %
* % % %
PRI
* % % %

[V. V_T'A[V, V_] = )

PR
PR
PR
* % % %

» V., V_ each spans an invariant subspace of A corresponding to a
subset of eigenvalues.
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Executing spectral divide-and-conquer
To obtain

* % % %
* % % %
PRI
* % % %

[V. V_T'A[V, V_] = )

PR
PR
PR
* % % %

» V., V_ each spans an invariant subspace of A corresponding to a
subset of eigenvalues.

» A natural idea: let V. and V_ span the positive and negative
eigenspaces.

- [V, V_] [1 —I] [V, V_1" = sign(A), the matrix sign function

of A. Since A = AT, sign(A) is equivalent to U, the unitary
polar factor in the polar decomposition.
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Polar decomposition
For any A € R™" (m > n),

A =UH,

where UTU =1, H: symmetric positive semidefinite
» U is called the unitary polar factor of A.
» Connection with SVD: A = U,XV! = (U, V) - (V,.ZV!) = UH.
» Can be used as first step for computing the SVD.
—[Higham and Papadimitriou (1993)]
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polar/eigen decompositions of symmetric matrices
The polar/eigen decompositions of symmetric A:

A=UH

— Ay T
=[Vi V] { A_} Vi V-]

1
where diag(A-) < 0, are related by U = [V, V_] [ 1] v, v_1’ :

UH = ([V+ V_] {I ~ 1] [V, V_]T] : ([v+ I’ [A+ ][v+ V_]T]

IA-|

» U= f(A), where f()maps 1>0to 1,4 <0to -1
A<O0 A>0

| | |
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QR-based iteration for polar decomposition
DWH (Dynamically Weighted Halley): —N., Bai, Gygi, SIMAX 2010]

Xir1 = Xi(apd + XZXk)(ka + CkaTXk)_l

b b _
= c_ka + (Clk - c—k)Xk(I +aX! X0, Xo=A/lAlL
k k

—limk_,ooXk =UinA=UH
— ag, by, ¢ chosen s.t. X;(‘f”k is the best (3, 2)-type rational

approximation to sign(x) on [0 min(Xx), 0 max (Xi)]
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QR-based iteration for polar decomposition
DWH (Dynamically Weighted Halley): —N., Bai, Gygi, SIMAX 2010]

X1 = X(ar + X7 X)) (bid + o XFXp)™!

b b _
= c—ka + (Clk - c—k)Xk(I +aX! X0, Xo=A/lAlL
k k

—limk_,ooXk =UinA=UH
— ag, by, ¢ chosen s.t. X;(i*”k is the best (3, 2)-type rational

approximation to sign(x) on [0 min(Xx), 0 max (Xi)]
» Lemma:

010; = X(I+X"X)™!, where [X} ) [QI]R
Iy (@

» QR-based DWH (QDWH)

7 - g
I 0] "
b 1 b
Xpe1 = c_]I:Xk iF ﬁ (ak = —k) 0:0;
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Halley vs. Dynamically weighted Halley
Xi(arl + X[ X ) (bl + cx X[ Xi)™'  (Dynamical Halley)
X3+ X X +3X] Xp)™!

Xi+1 ={

Halley
f(%v) — xfj‘;f‘
oi(Xk+1)
B O )
1/ 0i(X1)
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Halley vs. Dynamically weighted Halley
¥ { Xi(arl + X[ X ) (bl + cx X[ Xi)™'  (Dynamical Halley)
k+1 =

X3+ X X +3X] Xp)™! (Halley)

Halley "Optimal” function
lf(?”) = $13Ig),xz b 0i(Xpq1) =1
0i(Xk41) i
::i,___: -------------------- Yoo o .3 i
oi(Xk) oi(Xk)
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Halley vs. Dynamically weighted Halley
¥ { Xi(arl + X[ X ) (bl + cx X[ Xp)™'  (Dynamical Halley)
k+1 =

X3+ X X +3X] Xp)™! (Halley)
Halley Dynamical weighting
L) = o I~
: 0.8 : o; (Xk+1)
f 0i(Xk+1) iy
i @)= ot
B A Yo oo

» Dynamical weighting uses the best type-(3,2) rational
approximation to sign(x), brings o-;(X;+1) much closer to 1,

thereby speeding up convergence
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Algorithm for symmetric eigendecomposition
Algorithm QDWH-eig

1. compute polar decomposition A — ol = UH

2. compute unitary [V, V_]s.t. (U +1)/2 =V, VI
A, ET

3. compute [V, V_1TA[V, V_] = [E* 4 ]

4. repeat steps 1-3with A :=A,,A_

» Ideal choice of o: median of eig(A) = dim(A,) =~ dim(A_)

» Dominant cost is in step 1, computing the polar decomposition

» QDWH needs six or fewer iterations (QR + matrix multiply)
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Backward stability

Theorem 1
If subspace iteration is successful and the polar decomposition
A ~ UH is computed backward stably s.t.

A=UH+¢qlAlh, U'U-I=e, (1)

then A — VAVT = €||A|l», that is, QDWH-eig is backward stable.
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Backward stability

Theorem 1
If subspace iteration is successful and the polar decomposition
A ~ UH is computed backward stably s.t.

A=UH+¢qlAlh, U'U-I=e, (1)

then A — VAVT = €||A|l», that is, QDWH-eig is backward stable.

Theorem 2
(1) is satisfied if QR factorizations are computed with pivoting in
QDWH (in practice even without pivoting).

—[Nakatsukasa and Higham, SIMAX 2012]
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Previous spectral d-c: Implicit Repeated Squaring (IRS)

Algorithm IRS —Ballard, Demmel, Dumitriu [2010,LAWN 237]
1. A() = A, B() =1
2. forj=0,1,...,
[ B; ] _ [Qll le] [Rj]
-Aj| |Qn On][0]
Aj+l = QszAp
Bjii = 0B,
3. rank-revealing QR decomposition (4; + B;))™'A; = OR
A ET
4. form QTAQ = [ E” ) } confirm ||El|# < €llAllr, repeat 1-4 with
22
A=A, An
> Motivated by design of communication-minimizing algorithms.
(QR, matmul, Cholesky are “good” operations)
> (A;j+B) A= +A ) maps A < 1t00, | > 1to1.
>

A
SVD can be computed via eigendecomposition of [:T 0].
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Spectral d-c algorithms: QDWH vs. IRS
100-by-100 MATLAB randsvd matrices,
spectral d-c splittingat 4 =0

-4
’,
50 r"(
v’ -6 7
’ ’
g &, ’
a0l > — %
. < -8 /
2} P —~ * ¢
= - = S~
Q Mo i il
=30 Lx = X
& d =) ARS 7
i . = S Ve
<] * pr—
= x’ B e
2r *” -« -IRS 1 & -12f L
,x, _e_QDWH_Clg ) - i
., .
10 ‘(,x _1“\{)\{ - e -QDWH-eig
P
_e- -6 -0 -0- -0 -O- ©-© -0 -O- ¢
§ ©-©-0 0-0-0-0 O 0- @ -0 -O- ©- 0 -6 -O- ©-© -0 -0- ©-© -0- ¢
o . . . . . . 16 | , | . . \ ,
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
log, k2(A) log k2(A)
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=0 it=0
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=0 it=0
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=1 it=1
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=2 it=2
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=3 it=2
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=4 it=2
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=5 it=2
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=6 it=2
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=7 it=2
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=8 it=2
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=9 it=2

==
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IRS vs. QDWH convergence

IRS: static parameters QDWH: dynamical parameters
it=9 it=2

0.5 0.6 0 0.8 0.9 1 o o o s . o
A o

dynamical parameters speed up convergence significantly

In fact, no more than 6 iterations are needed for QDWH for any A
with k»(A) < 10'°
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Polar decomposition + symmetric eigenproblem = SVD
Algorithm SVD

1. compute polar decomposition

A=UpH )
2. compute symmetric eigendecomposition

H=V'sv @)
3. get SVD A = (UpVT)ZV = USVT
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Polar decomposition + symmetric eigenproblem = SVD
Algorithm SVD

1. compute polar decomposition

A=UpH )
2. compute symmetric eigendecomposition

H=V'zy (3)
3. get SVD A = (UpVT)ZV = USVT

» The computed SVD is backward stable if both (2) and (3) are
—[Higham and Papadimitriou (1993)]

= Backward stability again rests on that of polar decomposition

» For n x n matrices, SVD is less expensive than 2 runs of QDWH-eig

note: SVD via eig ([AOT g]) costs =~ x8
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Comparison

» symmetric eigenproblem

| standard  ZZY IRS  QDWH-eig
Arithmetic cost 9’ =370 =~ 720m3 27n
Backward stable? v unknown X v
Minimize communication? X v v v

» SVD
| standard  IRS | QDWH-SVD
Arithmetic cost 26n° ~5700n°  34n® ~ 52n°
Backward stable? Y, X v
Minimize communication? X v v

nb: IRS is applicable to generalized non-symmetric eigenproblems
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Experiments: spectral d-c algorithms for symeig

A= AT € RIOOXIOO
AA) = {1, r, 2, ..., Y with r = =« Y@= 100 runs

k2 (A) 10? 108 10"
min max min max min max

iter | QDWH-eig 4 5 5 6 6 6

zzY 12 12 32 32 55 55

IRS 12 12 32 32 54 55
back | QDWH-eig | 4.2e-16 5.1e-16 | 4.3e-16 5.5e-16 | 5.0e-16 6.3e-16
error 2ZY 1.3e-15 1.6e-15 | 1.9e-15 2.5e-15 | 2.2e-15 3.1e-15
IRS 1.9e-15 4.2e-13 | 3.6e-13 3.4e-11 | 54e-10 1.1e-6
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Numerical experiments: symeig accuracy
NAG MATLAB toolbox experiments with n-by-n matrices A” = A,
uniformly distributed eigenvalues

Backward error ||A — VAVT||z/lIAllr

n=2000 n=4000 n=6000 n=38000 ~r= 10000
QDWH-eig 2.1e-15 2.4e-15 2.6e-15 2.8e-15 2.9e-15
Divide-Conquer | 5.3e-15 7.3e-15 8.7e-15 9.8e-15 1.1e-14
MATLAB 1.4e-14 1.8e-14  2.3e-14  2.7e-14 3.0e-14
MR3 42e-15 58e-15 7.1e-15 8.1e-15 8.9e-15
QR 1.5e-14 2.8e-14 2.5e-14 2.9e-14 3.2e-14

Distance from orthogonality [V7V — 1|7/ V.

n=2000 n=4000 n=6000 n=38000 ~n= 10000
QDWH-eig 7.7e-16  8.0e-16  8.2e-16  8.4e-16 8.5e-16
Divide-Conquer | 4.6e-15 6.3e-15 7.6e-15 8.7e-15 9.6e-15
MATLAB 1.1e-14 1.5e-14 1.9e-14  2.1e-14 2.3e-14
MR3 2.6e-15  3.6e-15 4.2e-15 4.8e-15 5.3e-15
QR 1.1e-14 2.4e-14 1.9e-14 2.2e-14 2.5e-14
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Numerical experiments: symeig runtime
NAG MATLAB toolbox experiments with n-by-n matrices A” = A, uniform

eigenvalues
Runtime(s)
n=2000 n=4000 n=6000 n=8000 nr=10000

QDWH-eig 11.0 64.1 188 526 959
Divide-Conquer 2.0 17.8 60.8 141 275
MATLAB 24 18.8 64.9 151 290
MR3 4.0 37.0 120.7 262 504

QR 11.8 105.4 354.7 834 1631
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Numerical experiments: SVD accuracy
NAG MATLAB toolbox experiments with n-by-n MATLAB randsvd
matrices with uniform singular values, x>(A) = 1.5

Backward error ||A — UZVT||#/1AllF
n=2000 n=4000 n=6000 n=8000 ~»n= 10000

QDWH-SVD 2.0e-15 2.3e-15 2.5e-15 2.7e-15 2.8e-15
Divide-Conquer | 5.6e-15 7.8e-15 9.2e-15 1.0e-14 1.2e-14
MATLAB 5.8e-15  7.8e-15  9.2e-15 1.1e-14 1.2e-14
QR 1.6e-14 2.2e-14 2.7e-14 3.1e-14 3.5e-14

Distance from orthogonality max{||[UTU — I||z/ V7, VTV = Il|z/ V).
n=2000 n=4000 n=6000 n=8000 n= 10000

QDWH-SVD 7.7e-16  8.0e-16  8.2e-16  8.4e-16 8.5e-16
Divide-Conquer | 5.2e-15 7.2e-15 8.4e-15 9.5e-15 1.1e-14
MATLAB 8.1e-15  7.1e-15  8.4e-15  9.8e-15 1.1e-14
QR 1.2e-14 1.7e-14 2.1e-14 2.5e-14 2.8e-14
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Numerical experiments: SVD runtime

NAG MATLAB toolbox experiments with n-by-n MATLAB randsvd
matrices with uniform singular values, x;(A) = 1.5

Runtime(s)
\ n=2000 n=4000 n=6000 n=8000 nr= 10000
QDWH-SVD 15.4 90.3 269 581 1079
Divide-Conquer 5.9 43.5 140 316 605
MATLAB 4.0 32.0 105 243 470

QR 20.5 151.8 458 1071 2010
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Summary and future work

> Proposed spectral divide-and-conquer algorithms for symeig, SVD

» Arithmetic cost within a factor 3 of standard algorithms.

» Backward stability is proved and empirically better than
standard algorithms.

» Uses only matrix multiplication, QR and Cholesky, hence
minimizes communication.

for details, see —[Nakatsukasa and Higham, MIMS EPrint May 2012]
(codes also available at MATLAB Central Exchange 36830)
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Summary and future work

> Proposed spectral divide-and-conquer algorithms for symeig, SVD

» Arithmetic cost within a factor 3 of standard algorithms.

» Backward stability is proved and empirically better than
standard algorithms.

» Uses only matrix multiplication, QR and Cholesky, hence
minimizes communication.

for details, see —[Nakatsukasa and Higham, MIMS EPrint May 2012]
(codes also available at MATLAB Central Exchange 36830)

Work in progress

» Higher-order iteration using Zolotarev’s rational approximation
— further enhanced parallelizability
—{with R. W. Freund]

» Performance benchmarking with a parallel implementation
—[with J. Poulson, G. Quintana, R. van de Geijn]

» Extension to generalized eigenvalue problems

—[with N. J. Higham, F. Tisseur]
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Spectral d-c for generalized eigenproblem
Goal: given (A, B), compute nonsingular Q, Z such that

(QAZ,0QBZ) =
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Spectral d-c for generalized eigenproblem: outline
Goal: given (A, B), compute nonsingular Q, Z such that

o @

Ay
Q [ Azz] . OBZ [ By

Idea: map eigenvalues to +1; Re(1) > 0to 1, Re(d) < 0 to —1.
Suppose (A, B) diagonalizable: A = X[+, |Y, B=X.

1. Compute (NB: left eigenmatrix is W # X)

;(:W[I _I}Y, B =WY.
2. Form
— — 21 R,
(A+B)*=Y*[ O}W*:[QHQ%][O}’
— =, .lo . R_
—(A-B) —Y[ 2I]W—[Ql_Qz-][O]-

3. Then letting Z = [0+, O»>-], A nonsingular Q = [Q,, O] such
that (4) holds (Q., O, computed via QR)
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Mapping eigenvalues to +1
Given
A=x[™, |v. B=xv,
the goal is to compute
A=w|'_|v. B=wy.

We do this via computing

A\
SNy i-1) Y. Bi= W,

fk(A—,k—l)]

where fi(--- £(f1(x)) — sign(x) (= =1) for x € A(A, B).
» f(x) are the same functions as in QDWH, has the form

Ak=Wk{

xa+bx? b ( b) X
=

+la-- >
cl1+cx

b +1( b)( X X )
c 2 c)\Vex+i Afex—i

25/22



Mapping eigenvalues of (A, B) by rational functions

Let

{ aA+pB | _ [Qll le] [R}

—(yA +6B) 02 02]]0]

Then

A B

[Q{Z Q§2] [—?’)/A-:'B(SB) = Q{2(Q/A +ﬂB) - ng()/A + 5B) = O’

that is,

(@A +BB)(yA + 6B)™! = 0}, 0%
This means

AD — QszA’ B — QszB’
satisfies (recall A = XAY, B = XY)

+
AV = wheayy, BY = wOY, where g(x) = x2E
yx+06
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Forming Wh(A; + Ay, Y from Wi (A, DY, W (Ay, )Y

Goal: obtain A = Wf(A)Y, B= WY, where A = XAY, B = XY,

b 1 b X X b
fx) = E“z_i(a_E)(\/sz - \/Ex—i) = Ex+g1(x)+g2(x).

We have A = Wgi(A)Y, BY = w0y = Wi-BB i =1,2. Hence if
[ B ] _ {Qn le] [R]
-B@ 0 Oxnl||0]
then 05, W® = 01, W := W, so 03,B® = 0i,BV) = WY = Band
A= gQ’bW“’B)A +0;,AM + 05,4@
= W(ISA +g1(A) + 82(A)Y = WE(AY

give the required (A, B).
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Properties: Spectral d-c for GEP
— When (A, B) are symmetric but indefinite, Spectral d-c takes full
advantage of symmetry by congruence:

A

B
Z*AZ = [ i

], Z'BZ = [
2

Bzz] '

» Conventional approach uses the QZ algorithm:

» Destroys symmetry
» Yields upper-triangular (QAZ, QAB), not (block) diagonal

» No need to check for definiteness of (A, B)

— Spectral d-c uses (heavy use of JQR and matmul, minimizes
communication

— Seems to work even for singular (A, B)
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MATLAB experiments with 1000 x 1000 matrices

Showing backward error max(

IPAQ-Allr [IPBO-Illr
Al

)

Vi

» A, B symmetric, B> 0, k»(B) = 10'°,

backward error

QDWH-GEP
Matlab eig

» A, B symmetric indefinite, B =

2.7e-13
6.9e-11

XTdiag(+1)X, k2(B) = 10'°,
backward error

QDWH-GEP
Matlab eig

2.7e-13
5.0e-11

» A, B nonsymmetric, 998 real eigenvalues

\ backward error

QDWH-GEP
Matlab eig

3.4e-13
1.8e-10
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Standard algorithm for SVD

1. Reduce matrix to bidiagonal form

T * % k% * %
A * ok ok k| Hp x o« x| Hp * ok %
- * * * * Ed * * * el * *k *
* * * * * * * * * *
x % * % * %
H; * % %| Hp * H,; * -
— * x| — x| = -
* * * * *

—[Golub and Kahan (1965)]
Accumulate orthogonal factors: A = U, BV where
Ua = (ITHL", Va = 1 Hr
2. Compute SVD B = UpZV} (divide-conquer, QR, dgds +
twisted factorization)
3. SVD: A = (UpaUp)(VE VI = UzvH
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Standard algorithm for SVD

1. Reduce matrix to bidiagonal form

= Expensive in communication cost

Hy

-

s
* % % %
EE S
%X ¥ ¥

Accumulate orthogonal factors: A = U, BV where

Us = ([TH", Va = [1 Hg

*

%% ¥ ¥

*  %®

L I

* % ¥ ¥

Hpg

Hy,

% * ¥ ¥

* %

*

*

11
[~

—[Golub and Kahan (1965)]

2. Compute SVD B = U32V§’ (divide-conquer, QR, dqds +

twisted factorization)

3. SVD: A = (UpaUp)(VE VI = UzvH
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Standard algorithm for SVD

1. Reduce matrix to bidiagonal form

= Expensive in communication cost

Hy

-

s
* % % %
EE S
%X ¥ ¥

Accumulate orthogonal factors: A = U, BV where

Us = ([TH", Va = [1 Hg

*

%% ¥ ¥

*  %®

L I

* % ¥ ¥

Hpg

Hy,

% * ¥ ¥

* %

*

*

11
s

—[Golub and Kahan (1965)]

2. Compute SVD B = U32V§’ (divide-conquer, QR, dqds +

twisted factorization)

3. SVD: A = (UpaUp)(VE VI = UzvH

We develop completely different algorithms based on
spectral divide-and-conquer
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Backward stability proof of QDWH-eig

— ET
Goal: show [|E]l> = lleAll where VT AV = [15 A }

Assumptions:
A=UH+€Alh, U'U-I=e
vﬂ’

Jvzﬁ+e

. =1 ST
» By the assumptions A = V[ ] VIH + €||All,, so

-1
0=A4-AT

— 1=, ~ ~[1 —
=(v[1 . VTH—FFV[ _I]VT)+E||A||2

» Therefore

1 P | 0 ET
— T _ TH =2
ellAll, = V' HV » —I]V V[ —I} £ 0
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Subspace iteration to obtain V,
e
U=[veVval VeV

» U is Hermitian with eigenvalues +1

1
» lU+D =1V, V,][ O] [V, V_]T = v, VT is the projection onto the

positive eigenspace of A
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Subspace iteration to obtain V,
e
U=[veVval VeV

» U is Hermitian with eigenvalues +1

1
» lU+D =1V, V,][ O] [V, V_]T = v, VT is the projection onto the

positive eigenspace of A

Obtain V., from C = 5(U + 1) = V. V!:
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Subspace iteration to obtain V,
e
U=[veVval VeV

» U is Hermitian with eigenvalues +1

I
» lU+D =1V, V,][ ][V+ v_]" = v, VT is the projection onto the
positive eigenspace of A

Obtain V, from C = 3(U +1) = V,V!:

» Simultaneous iteration with initial guess Q1 = C(:,1: ,/||Q||12, +1)
C=QiR,CQ; = O:R, ...
» Theoretical convergence factoris ~ 1/e
» Stop when CVl Vl +¢e and CV2 €: in practice, at most 2
iterations are necessary
> Use a random initial guess if fails (never happened in
experiments)
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Newton—Schulz postprocessing to improve orthogonality

In practice, the computed U,V in A ~ ULV* have distance from
orthogonality ||[U*U - I||f,||V*V - I||r > O.

A (empirically) powerful way to improve the orthogonality is to run

a step of the Newton—Schulz iteration U := %U(31 - U*U).

max{||U*U — 1llg/ Vn,|IV*V ~ Il / \n)
‘ n=2000 n=4000 n=6000 n=28000 ~n=10000

QR 1.2e-14 1.7e-14 2.1e-14 2.5e-14 2.8e-14
QDWH before N-S | 2.8e-15 3.1e-15 3.4e-15 3.6e-15 3.8e-15
QDWH after N-S 7.7e-16 8.0e-16 8.2e-16 8.4e-16 8.5e-16
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Faster iterations using Cholesky factorization

Xis1 = Xelard + b XX + X X0)™, Xo = Ala (9)
» The QR-kernel

vexi| _[o By L (- ) 0
I B P L e

X .
Note x, ([\/C—Ik kD < Wfer + 1, since [ Xl < 1

» well-conditioned if ¢, is not too large (e.g., ¢, < 100), then
always true for k > 3
» then, safely use CholeskyQR to compute Qy, Q»:

Z=1+caX!Xy, W =chol(Z),
Q1 = Vaxiw, 0, =w!

communication-optimal + fewer arithmetic
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Backward stability of iterations for polar decomposition
—[Nakatsukasa and Higham, SIMAX 2012]

An iteration X1 = fi(Xr), Xo = A, lim_, Xi = U for computing
the polar decomposition is backward stable (A — UH = €|Al]) if

1. Each iteration is mixed backward—forward stable:
Xir1 = fillXp) + ellXiatll,  Xi = X + €ll Xkl

2. The mapping function f;(x) does not significantly decrease
the relative size of ojfori=1:n

Si(od) o

2_

d—— =
A Ol 11XIl2

for d = O(1).
(we prove A — UH = de|lAll, H — H = de||H||)

— for details, please go to Nick Higham’s talk (MS 40, Wed 12:15)
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Mapping function: stable (top) and unstable (bottom)

QDWH:d =1

scaled Newton: d = 1

f(x)

Rl

Vs

m

M

inverse Newton: d > (ka(A))!/2
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Scaled Newton iteration

Xiv1 = %((ka +(GX) ), Xo=A
- /}1_{?0 X = U of A = UH quadratically with appropriate scalings
||X,:1||1||X;1||w]”“
1 Xkl 111Xkl oo
Byers-Xu (08) : {1 = —————. &y = 1/ Vab, a Al b < ouin(A)

V& +1/80)

— Both scalings work well in practice

— Higham(86) : ¢ = (
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Scaled Newton iteration

Xiv1 = %((ka +(GX) ), Xo=A
- kll_)l‘ilo X = U of A = UH quadratically with appropriate scalings
||X,:1||1||X;1||w]”“
1 Xkl 111Xkl oo
Byers-Xu (08) : {1 = —————. &y = 1/ Vab, a Al b < ouin(A)

Ve +1/80

— Both scalings work well in practice

— Higham(86) : ¢ = (

> However, X' needed explicitly

» Efforts in designing inverse-free algorithms
—[Bai, Demmel and Gu (97), Crudge (98), Byers and Xu (01)]

1. Instability of computing inverses
2. High communication cost (pivoting is expensive)
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Scaled Newton iteration

Xiv1 = %((ka +(GX) ), Xo=A
- kll_)l‘ilo X = U of A = UH quadratically with appropriate scalings
||X,:1||1||X,;1||w]”“
1 Xkl 111Xkl oo
Byers-Xu (08) : {1 = —————. &y = 1/ Vab, a Al b < ouin(A)

Ve +1/80

— Both scalings work well in practice

— Higham(86) : ¢ = (

> However, X' needed explicitly

» Efforts in designing inverse-free algorithms
—[Bai, Demmel and Gu (97), Crudge (98), Byers and Xu (01)]

1. Instability of computing inverses
2. High communication cost (pivoting is expensive)

Known inverse-free algorithms faced instability or slow convergence
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Halley iterations

Halley iteration:
Xir1 = Xk GBI+ X; XU +3X X0, Xo = A.

» X, — U as k — oo, convergence is global and asymptotically cubic

v

Can be implemented inverse-free via QR

\{

Applicable to rectangular/singular matrices

v

Slow convergence for ill-conditioned A

39/22



Halley iterations

Halley iteration:
Xir1 = Xk GBI+ X; XU +3X X0, Xo = A.

» X, — U as k — oo, convergence is global and asymptotically cubic

v

Can be implemented inverse-free via QR

\{

Applicable to rectangular/singular matrices

v

Slow convergence for ill-conditioned A

(New): Dynamically Weighted Halley iteration (DWH)
Xir1 = Xe(ad + i X X + aX; X)™, Xo=Ala, a=|Al

» Choose a, by, ¢, dynamically to get “suboptimal” convergence
speed
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Choosing weighting parameters
Xie1 = Xlard + biXi X + e X Xp)™!
Suppose [O-min(Xk)e O'max(Xk)] c [fk’ 1]1 then

ay + bkx2

> 0i(Xis1) = filoi(Xk)), where fi(x) = x 1 3
+ CpXx

> 0i(Xis1) € [ming <<q fi(x), maxg < <1 fi(X)]
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Choosing weighting parameters
Xis1 = Xelaed + biX; XU + X X) ™!

Suppose [O-min(Xk)’ O'max(Xk)] c [gk’ 1]; then
ay + ka2

> 0i(Xis1) = filoi(Xk)), where fi(x) = x 1 3
+ CpXx

> 0i(Xks1) € [ming <x<1 fi(x), maxg <x<i fi(x)]

Idea: Find (ag, by, cx) such that

max {min fk(x)},

ag,bi,cr>0 | Gr<x<1

under 0< fi(x) <1 for G <x<I1
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Solving rational optimization problem

2
max { min f(x)} under f(x) = xa *bx ,
1+ cx?

a,b,c \{<x<

0<fx)<1 on [61]

» Analytic solution (a, b, ¢):

a=h), b=@-17%4, c=a+b-1,

where h(6)= Vi+d+} 8—4d+§;2\£, d = {20

— tedious, but doable

> Alternatively, convert the problem to semi-definite programming,
then use solver such as SeDuMi
— [Nie (09)]
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DWH Algorithm

Xk+1 = Xk(akl + kaZXk)(I + CkXZXk)_l, XO = A/a

» Estimate «, ¢y such that

1. a=|Alq,
2. {o < omin(A/)

> ar =h(l), br=(ak—1)%/4, cx=ar+b—1,

where h(f)= VT+d+1 [8-4d+ 320 g= 2000

ay + bkfz
> Update: Ol = fk—zk
1+ Ckfk
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Efficiency of dynamical weighting

Cond. number 2 10 102 100 109 10B 10%
DWH 3 4 4 5 5 6 6
iter Halley 4 5 7 14 24 35 45
scaled Newton | 5 6 7 7 8 9 9

max(||X = Ullz, [|IX =% ~ Ul[2)

T
DWH
= = = 'Halley

~. | 77 7 'Newton

- scaled Newton|]

30 40 50
Iteration
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QR-based implementation of DWH

» Lemma:

A
Q105 = A(I + A*A)™", where [ ] = [Ql]R
1 (0))
> DWH
Xis1 = Xe(arl + X; Xo)(Did + i X Xi) ™"

_ bk bk % -1
= —Xi +|ak — — | XuI + X Xe) ™,
Ck Ck

» QR-based DWH
A
1

[Q]]R,
0>
X1 = kak + T (ak - —) 010,
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Halley vs. Dynamical weighted Halley

Halley: static parameters

it=0

DWH: dynamical parameters
it=0
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Halley vs. Dynamical weighted Halley

Halley: static parameters DWH: dynamical parameters
it=1 it=1
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Halley vs. Dynamical weighted Halley

Halley: static parameters

DWH: dynamical parameters

it=2

==
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Halley vs. Dynamical weighted Halley

Halley: static parameters
it=3

DWH: dynamical parameters

==
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Halley vs. Dynamical weighted Halley

Halley: static parameters

it=4

DWH: dynamical parameters

==
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Halley vs. Dynamical weighted Halley

Halley: static parameters

it=5

DWH: dynamical parameters

==
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Halley vs. Dynamical weighted Halley

Halley: static parameters

it=6

DWH: dynamical parameters

==
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Halley vs. Dynamical weighted Halley

Halley: static parameters DWH: dynamical parameters
it=6 it=2

dynamical parameters speed up convergence significantly
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LAPACK SVD experiments, random matrices

Runtime(s)
n=1000 n=2000 n=3000 n=4000
QDWH-SVD 6.4 40.9 127 286
Divide-Conquer 2.4 171 57.1 133
QR 5.4 40.0 126 287
Jacobi 7.8 60.4 248 579
Backward error [|A — USVT||¢/||AllF
n=1000 n=2000 ~n=3000 n=4000
QDWH-SVD 1.9e-15  2.0e-15 22e-15 23e-15
Divide-Conquer 4.5e-15 5.8e-15 7.0e-15 7.6e-15
QR 1.3e-14 1.8e-14  22e-14  2.6e-14
Jacobi 1.2e-14 1.8e-14 2.4e-14 3.0e-14

Distance from orthogonality max{||UT U — I|lz/ Vn, VTV = I||p/ \n).

n=1000 n=2000 n=3000 n=4000

QDWH-SVD 7.4e-16 7.7e-16 7.9e-16 8.0e-16
Divide-Conquer 4.5e-15 5.8e-15 7.0e-15 7.6e-15
QR 1.3e-14 1.8e-14 2.2e-14 2.6e-14
Jacobi 1.2e-14 1.8e-14 2.4e-14 3.0e-14
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