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Introduction

Multidimensional consistency of discrete systems
O Discrete analog of commuting flows
Nijhoff-Walker 2001
U Integrability criterion
Nijhoff 2002, Bobenko—Suris 2002
[ Classification of integrable equations
Adler—Bobenko—Suris 2003 & 2009

Bobenko A., Suris Yu (2008)
DISCRETE DIFFERENTIAL GEOMETRY INTEGRABLE STRUCTURES
AMS Graduate Studies in Mathematics 98



Introduction

Symmetries

[J Symmetry analysis of the ABS equations
Tongas—Tsoubelis—X 2007

[0 Symmetries and Yang—Baxter maps
Papageorgiou—Tongas—Veselov 2006

O Hierarchies of symmetries
X 2009 & X—Papageorgiou 2009

O Continuous symmetry reductions
Tsoubelis-X 2009



Introduction

Multidimensional consistency of continuous systems
From discrete : a constructive approach
Tsoubelis-X 2009 & Lobb—-Nijhoff 2009



Notation

U Independent variables

Discrete : ny, no, ...

Continuous : a3, as, ...

[J Dependent variable u

up = u(...,n,-+1,...;a1,a2,...)

u_j:u(...,nj—1,--~;a17a27"')

uj = u(...,ni+1,...,n+1,..;01,00,...



Discrete potential KdV equation (H1)

(v = uy)(ui = ) = (i = ;) (Qy)

(nj,nj +1) (nj +1,n;4+1)
O Autonomous & Affine linear
O Symmetric : Qi = Qji
@ . - . .
! 00 Multidimensionally consistent
a;j
(ni, nj) (ni +1,n;)

An elementary quadrilateral on the lattice



Multidimensional consistency

(v — uy) (ui — ) = i — oy
(u—up) (4 — uk) = o —

(U — uk,-) (uk - Ui) = Ok — O

Nijhoff F., Walker A. J. (2001)
THE DISCRETE AND CONTINUOUS PAINLEVE VI HIERARCHY AND THE GARNIER SYSTEMS
Glasgow Math. J. A 43



Backlund transformation
(v = wj) (Ui — uj) = ai — o

(u — Ujk) (Llj — le) = o — Qg (U — Uk,') (Uk — Ll,') = Ok — «f

[J Substitute the shifts of u in the k-direction by a function .
[0 Replace the variable ay with .

[J The resulting equations

(U—flj)(u— )ZOéj—)\
(v — @) (& -):A_a,.} (Bj)

constitute an auto-Backlund transformation for Q;;.

Atkinson J. (2008)
BACKLUND TRANSFORMATIONS FOR INTEGRABLE LATTICE EQUATIONS
J. Phys. A: Math. Theor. 41

XP (2009)
INTEGRABILITY AND SYMMETRIES OF DIFFERENCE EQUATIONS: THE ADLER-BOBENKO-SURIS CASE
Proceedings of the 4th Workshop “Group Analysis of Differential Equations & Integrable Systems” p 226—242



Bianchi permutability

The composition of two successive Backlund transformations
according to the Bianchi commuting diagram leads to an algebraic
relation similar to the discrete potential KdV.

u
A1 /. o
“'/ b (u—B)(0—0) = A1 — A2
)\2\\/)\1
b

Bianchi commuting diagram



Lax pair

» A Lax pair can be derived from the consistency property.

» It has the following form
v, =LOvw, v, =10v

where

1 uj -1
VA — uuj — i+ —u

Nijhoff F. (2002)
LAX PAIR FOR THE ADLER (LATTICE KRICHEVER-NOVIKOV) SYSTEM
Phys. Lett. A 297

XP (2009)
INTEGRABILITY AND SYMMETRIES OF DIFFERENCE EQUATIONS: THE ADLER-BOBENKO-SURIS CASE
Proceedings of the 4th Workshop “Group Analysis of Differential Equations & Integrable Systems” p 226—242



Generalized symmetries

» Qi admits infinite hierarchies of generalized symmetries.

» They have the following form

ﬁ _ s 1 du _ s 1
86,‘5 ! uy — u_j ’ 86]5 J LIJ' — U,J'

where the recursion operators are given by

ad ¢
R; = Z — 0,
oo Hitt T U—ite

XP (2009)
INTEGRABILITY AND SYMMETRIES OF DIFFERENCE EQUATIONS: THE ADLER-BOBENKO—SURIS CASE
Proceedings of the 4th Workshop “Group Analysis of Differential Equations & Integrable Systems” p 226—242



Generalized symmetries

» Qi admits infinite hierarchies of generalized symmetries.

» The equation admits a pair of extended symmetries
(symmetries acting also on the parameters «)

@ o n; 8&,‘ - 1
87’,‘ up — u_; ’ 87’,‘
Ou _ nj 9qj _ 1
oT; up—u_j’ 9T

which play a particular role : They are master symmetries of
the first members of each hierarchy.
XP (2009)

INTEGRABILITY AND SYMMETRIES OF DIFFERENCE EQUATIONS: THE ADLER-BOBENKO—SURIS CASE
Proceedings of the 4th Workshop “Group Analysis of Differential Equations & Integrable Systems” p 226—242



Continuously invariant solutions

Solutions of Q;; remaining invariant under the action of both of
the master symmetries.

» Such solutions will satisfy Q; and the differential—difference

equations
ou n;
— 4+ ——F =0 R;
8@,- uj — u_j ( )
du n;
el S E—— R:
Oaj + uj — u_j (R;)

Tsoubelis D, XP (2009)
CONTINUOUS SYMMETRIC REDUCTIONS OF THE ADLER-BOBENKO-SURIS EQUATIONS
J. Phys. A: Math. Theor. 42



Differential system

The previous differential—difference system is equivalent to

Ju; i up — uj no— (U' _ u)ﬂ
604,- o o — CE_,' 4 ! J 6aj
ouy  u —u Oou
doi o — i (n, (= ) 8a;)
Pu_ oy u—wyOudu  m Ou o Ou
aa;aaj o Qj — Qj 805,‘ 80éj Qj — 80&] o — Qj 86!,‘

Nijhoff F., Hone A., Joshi N.(2000)
ON A SCHWARZIAN PDE ASSOCIATED WITH THE KDV HIERARCHY
Phys. Lett. A 267

Tongas A., Tsoubelis D., XP (2001)
A FAMILY OF INTEGRABLE NONLINEAR EQUATIONS OF HYPERBOLIC TYPE
J. Math. Phys. 42

(S#)



Properties of the continuous system

1. Symmetric
Interchanging the indices, the system remains invariant :

2. Involution
Sjj represents an involution of a fourth order equation

e%(u; n,-,nj) =0, ,@(u;;n;—kl,nj) =0, %(Uﬁﬁ,’,l’ljﬂ-l) =0

3. Multidimensionally consistent
Systems Sj;, Sjx and Sy; are compatible.

4. Integrable
S;j admits an auto-Backlund transformation and a Lax pair.



Multidimensional consistency

» It follows directly from the consistency of its discrete analog,
i.e. the system (Qj), (Ri). (R)).

» The two different ways to evaluate 8aj8ak u; lead to the same
result. The same holds for the three different ways yielding
0000 Oay U

Thus, we can consider all the Sj;'s as an infinite dimensional
system of the following form

6u,- uj — uj au . .
8()@‘ Qi — q; <nj (U, UJ) 80éj) ) ! 7é J

Ou o Ui = U du du ni  Ou nj  Ou
8a,-8aj Qp — O 8a,~ 804,— Qp — O c’)aj o — & 604,-




Backlund transformation

Employing the consistency of Sj;, one can derive the following
auto-Backlund transformation for it

ou o — u; 5 ou
o = e (- @)
]
)

ou — yj ou
(- wg) By
(w5 (s~ 8) = aj — A
(u—0)(0—u) =X—

Tsoubelis D, XP (2009)
CONTINUOUS SYMMETRIC REDUCTIONS OF THE ADLER-BOBENKO-SURIS EQUATIONS
J. Phys. A: Math. Theor. 42



Bianchi permutability

The Bianchi permutability diagram and the Backlund
transformation lead again to the discrete KdV equation!

>\1/. A

\2

/ > (u=0)(0—0) = A\ — X
’ : (uj — ) (B — &) = Ay — A
Az\\/Al b

¢ (uj — ;) (T; — 0j) = A1 — A2
u

Bianchi commuting diagram



Lax pair

From the auto-Backlund transformation one can derive the
following Lax pair for Sj;

N vy, Y oy
oo Oaj
where
1 o) o)
o - L[ 3 (mr2ugy) K

ai — A u; (n,- + U;%) —% (n,- + 2u;%>

Tsoubelis D, XP (2009)
CONTINUOUS SYMMETRIC REDUCTIONS OF THE ADLER-BOBENKO—SURIS EQUATIONS
J. Phys. A: Math. Theor. 42



Darboux transformations

The Lax pair for the discrete KdV

: 1 u; -1
Jp— (l) _ - I
Vi = LEW «/)\—a,-<uu,-—oz,'—|-)\ —u>w

and the one for the continuous system

1 o)
1 5 (m—i—Qu;%) _6707,-

uj (n,- + Ui%’i) -3 (n,- + 2Ui%’i>

8&; ' o — A

are compatible.
D, LM + 1OMmOD = ME")L(")

D, L0 + 1L0OM0 = MOLO
J ]



Summary

Discrete KdV was used as an illustrative example.

Actually, all of the ABS equations have the following properties
1. Multidimensional consistent
2. Infinite hierarchies of symmetries
3. Reduce to differential equations.

The last property leads to systems of PDEs which are :
1. Multidimensional consistent
2. Integrable



