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Model problem

Problem : Given spatial domain Ω ⊂ Rd , solve in parallel

∂u
∂t

= ∆u + f on Ω× (0,T ],

u(0, t) = g on ∂Ω× (0,T ],
u(x ,0) = u0(x) on Ω.

I Discretization in time + domain decomposition in space
I Parallelization in time (Parareal, PFASST, RDIC)
I Waveform relaxation (WR)
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Waveform relaxation method

(a) Ciruit ompletPSfrag replaementserroriteration (b) Ciruit partitionnéFigure 2.4 � Exemple original de 1982 pour les méthodes de relaxation d'ondessous-iruits sont résolues à l'étape k, ave omme données le potentiel d'entrée u, et les potentielsalulés à l'étape préédente :
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3 ),et e jusqu'à onvergene. Cet algorithme fait ého à l'algorithme de Jaobi pour la résolution desystèmes linéaires, qui fait partie de la famille des algorithmes de relaxation. Les représentations dessignaux sur les osillosopes étant appelés waveform en anglais, es algorithmes furent appelés wave-form relaxation algorithms (ou relaxation d'onde en français). L'identi�ation ave des méthodes dedéomposition de domaines pour des équations aux dérivées partielles fut faite par Bjørhus [2℄ pourdes systèmes hyperboliques du premier ordre, et par Gander et Stuart pour des équations paraboliquesomme l'équation de la haleur [20℄. C'est ainsi qu'ont été réées les "Shwarz waveform relaxationmethods", ou en français les méthodes de Shwarz relaxation d'onde.2.4 Plan de l'exposéReprenons l'équation elliptique obtenue par disrétisation en temps de l'équation de la haleur

(η −∆)u = f. (2.12)Dans tout l'exposé, ette équation est onsidérée dans un domaine Ω régulier : le segment [0, 1] dans leas monodimensionnel, le arré [0, 1]× [0, 1] dans le as bidimensionnel. La fontion f est une fontionontinue sur Ω, appelée seond membre de l'équation. Des résultats d'analyse généraux montrentque l'équation (2.12) a une solution unique de lasse C2, qui s'annule sur la frontière ∂Ω de Ω. Pluspréisément, nous détaillerons en dimension 1, sur l'équation
−d2u

dx2
+ η u = f (2.13)tous les algorithmes dont la présentation a été faite dans e hapitre historique : Shwarz et ses variantesau hapitre 3, Shur et ses variantes au hapitre 4. Nous introduirons aussi en dimension 2 la notionfondamentale de onditionnement. Pour haune de es méthodes, nous donnerons un sript Matlab,et représenterons la solution obtenue. Nous omparerons également les qualités de onvergene de esméthodes. Nous étudierons ensuite les propriétés de es algorithmes lorsque le domaine de alul estpartagé en un grand nombre de sous-domaines. C'est la notion de salabilité qui sera étudiée en détailau hapitre 5.Ensuite, dans la setion 6, nous nous intéresserons aux problèmes d'évolution. Nous ommeneronspar présenter une version évolutive de la méthode de Shwarz, la méthode de Shwarz relaxation d'onde,permettant de oupler des grilles en temps di�érentes dans les sous-domaines. Ensuite nous aborderonsla question du parallélisme en temps, en présentant l'algorithme pararéel. Nous �nirons par un exempleomplet de parallélisme en espae et en temps. 9
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Decoupled circuit

I Originally invented for systems of ODEs (Picard 1890,
Lindelöf 1894)

I Revived for circuit simulation by Lelarasmee, Ruehli &
Sangiovanni-Vincentelli (1982)

I Applied to parabolic PDEs by Gander & Zhao (1997,
2002), Gander & Stuart (1998), Giladi & Keller (2002)



Waveform Relaxation Neumann–Neumann Method Coarse grid 2D Problem

Example : Classical Schwarz WR

I Two subdomains with overlap δ, Dirichlet transmission
conditions
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Example : Classical Schwarz WR

I For k = 1,2,3, . . . :
1. Solve space-time subdomain problems
2. Exchange interface data
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Example : Classical Schwarz WR

I Advantages :
I Flexible gridding and time-stepping within subdomains
I Fewer synchronization points
I Natural incoporation of parallelization in time
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Example : Classical Schwarz WR

I For unbounded time interval (Gander & Stuart 1998)

‖vk − v∗‖
‖v0 − v∗‖ ≤ (1− Cδ)k ∼ e−Ckδ
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Example : Classical Schwarz WR

I For bounded time interval T (Giladi & Keller 2002) :

‖vk − v∗‖
‖v0 − v∗‖ ≤ C erfc

(
kδ√

T

)
∼
√

T√
πkδ

e−(kδ)2/T .
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Example : Classical Schwarz WR

I For bounded time interval T (Giladi & Keller 2002) :

‖vk − v∗‖
‖v0 − v∗‖ ≤ C erfc

(
kδ√

T

)
∼
√

T√
πkδ

e−(kδ)2/T .

I Convergence depends on kδ ≈ kh
I Half the mesh size =⇒ double the number of iterations !
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Neumann–Neumann (NN) Method

Originally developed for the elliptic problem

∆u = f

(Bourgat et al. 1989, DeRoeck & Le Tallec 1990, Le Tallec et al. 1991)
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Neumann–Neumann (NN) Method

Given Dirichlet traces g0
1 , . . . ,g

0
n−1 :

1. Solve Dirichlet problems on Ω1, . . . ,Ωn

2. Calculate jumps in Neumann traces
3. Solve Neumann problems on Ω1, . . . ,Ωn

4. Update Dirichlet traces :
gk+1

i = gk
i − θ(ψk

i |Γi + ψk
i+1|Γi ).



Waveform Relaxation Neumann–Neumann Method Coarse grid 2D Problem

Neumann–Neumann (NN) Method

Given Dirichlet traces g0
1 , . . . ,g

0
n−1 :

1. Solve Dirichlet problems on Ω1, . . . ,Ωn

2. Calculate jumps in Neumann traces
3. Solve Neumann problems on Ω1, . . . ,Ωn

4. Update Dirichlet traces :
gk+1

i = gk
i − θ(ψk

i |Γi + ψk
i+1|Γi ).



Waveform Relaxation Neumann–Neumann Method Coarse grid 2D Problem

Neumann–Neumann (NN) Method

Given Dirichlet traces g0
1 , . . . ,g

0
n−1 :

1. Solve Dirichlet problems on Ω1, . . . ,Ωn

2. Calculate jumps in Neumann traces

3. Solve Neumann problems on Ω1, . . . ,Ωn

4. Update Dirichlet traces :
gk+1

i = gk
i − θ(ψk

i |Γi + ψk
i+1|Γi ).



Waveform Relaxation Neumann–Neumann Method Coarse grid 2D Problem

Neumann–Neumann (NN) Method

Given Dirichlet traces g0
1 , . . . ,g

0
n−1 :

1. Solve Dirichlet problems on Ω1, . . . ,Ωn

2. Calculate jumps in Neumann traces
3. Solve Neumann problems on Ω1, . . . ,Ωn

4. Update Dirichlet traces :
gk+1

i = gk
i − θ(ψk

i |Γi + ψk
i+1|Γi ).



Waveform Relaxation Neumann–Neumann Method Coarse grid 2D Problem

Neumann–Neumann (NN) Method

Given Dirichlet traces g0
1 , . . . ,g

0
n−1 :

1. Solve Dirichlet problems on Ω1, . . . ,Ωn

2. Calculate jumps in Neumann traces
3. Solve Neumann problems on Ω1, . . . ,Ωn

4. Update Dirichlet traces :
gk+1

i = gk
i − θ(ψk

i |Γi + ψk
i+1|Γi ).



Waveform Relaxation Neumann–Neumann Method Coarse grid 2D Problem

Convergence

I Conditioning for steady-state, coercive problems :
I Without coarse grid (DeRoeck & Le Tallec 1990) :

κ ≤ C
H2 (1 + log(H/h))2 =⇒ Error ≈ e−Ck/H(1+log(H/h))

I With coarse grid (Dryja & Widlund 1995) :

κ ≤ C(1 + log(H/h))2 =⇒ Error ≈ e−Ck(1+log(H/h))
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Neumann–Neumann Waveform Relaxation

I Replace second coordinate by time !
I Convergence ?
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Convergence of NNWR

Theorem (NNWR convergence, no coarse grid)

Let g0
j (t) be the initial error along the j th interface. If θ = 1/4,

then NNWR with initial error g0
j converges superlinearly, with

max
j
‖gk

j ‖∞ ≤
( √

6
1− e−(2k+1)H2/T

)2k
e−(kH)2/T max

j
‖g0

j ‖∞,

where H = minimum subdomain width.

I Proof uses Laplace transforms
I Compare with e−(kh)2/T for classical Schwarz WR
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1D example

I Two subdomains, |Ω1| = 3, |Ω2| = 2
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iteration

 

 

DNWR for θ=0.5

NNWR for θ=0.25

Classical Schwarz iteration

OSWR O0 theor. opt. p

OSWR O0 numerical opt. p

OSWR O1 p1=5 q1=0.2
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1D example

I Four equal subdomains
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1D example

I Eight equal subdomains
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I Algorithm does not scale, needs coarse grid to enable
communication between far-away subdomains
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Coarse grid for 1D
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Coarse grid for 1D

I Consider time discretized problem, e.g., Backward Euler :

u(x , tm)− u(x , tm−1)

∆t
= ∆u(x , tm) + f (x , tm)

I Solve Dirichlet problems with g0
j (tm), m = 1, . . . ,T/∆t to

get u0(x , tm) (with jumps in normal derivative)
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Coarse grid for 1D

I Consider time discretized problem, e.g., Backward Euler :

u(x , tm)− u(x , tm−1)

∆t
= ∆u(x , tm) + f (x , tm)

I Solve Dirichlet problems with g0
j (tm), m = 1, . . . ,T/∆t to

get u0(x , tm) (with jumps in normal derivative)
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Coarse grid for 1D

I Goal : find interface values of e0(x , tm) = u(x , tm)− u0(x , tm)

I e0 satisfies the homogeneous PDE on each subdomain
I e0 must cancel Neumann jumps introduced by u0(x , tm)

∂xe0(Γ−j , tm)− ∂xe0(Γ+
j , tm) = −(∂xu0(Γ−j , tm)− ∂xu0(Γ+

j , tm))
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Coarse grid for 1D

I Goal : find interface values of e0(x , tm) = u(x , tm)− u0(x , tm)

I e0 satisfies the homogeneous PDE on each subdomain
I e0 must cancel Neumann jumps introduced by u0(x , tm)

∂xe0(Γ−j , tm)− ∂xe0(Γ+
j , tm) = r
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Coarse grid for 1D

I Goal : find interface values of e0(x , tm) = u(x , tm)− u0(x , tm)

I e0 satisfies the homogeneous PDE on each subdomain
I e0 must cancel Neumann jumps introduced by u0(x , tm)

Le = r

where e is the interface values of e0.
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1D Example with coarse grid, N = 16
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I uex (x , t) = cos(x) cos(t), g0
i (t) = 0
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1D Example with coarse grid, N = 16
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What does L look like ?

I Causality : L is block lower triangular

I Time invariance : L has constant block diagonals
I Locality : The blocks of L are sparse
I Calculate correction by forward substitution
I Blocks can be computed in parallel and assembled
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What does L look like ?


A
B1 A
B2 B1 A
...

. . . . . . . . .
BM−1 · · · B2 B1 A




e(t1)
e(t2)
e(t3)

...
e(tM)

 =


r(t1)
r(t2)
r(t3)

...
r(tM)

 .

I Causality : L is block lower triangular
I Time invariance : L has constant block diagonals
I Locality : The blocks of L are sparse

I Calculate correction by forward substitution
I Blocks can be computed in parallel and assembled
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2D Problem

I Coarse grid contains all interface points

I Problem : dense coupling between points =⇒ dense A !
I Must choose a coarse space with fewer points
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2D Problem

I Coarse grid contains all interface points
I Problem : dense coupling between points =⇒ dense A !
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2D Problem

I Precondition
A
B1 A
B2 B1 A
...

. . . . . . . . .
BM−1 · · · B2 B1 A

 by


M
B1 M
B2 B1 M
...

. . . . . . . . .
BM−1 · · · B2 B1 M


where M is the Neumann–Neumann preconditioner for
−∆u(tk+1) + 1

∆t u(tk+1) = 1
∆t u(tk ) with coarse grid.

I Expect same asymptotic convergence rate as for
stationary problem

(η −∆)u = 0 with η = 1/∆t .
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A standard coarse space
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I Hat functions centered at cross points
I Precondition A by projection :

P = V (V T AV )−1V T A
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Standard coarse space, 8× 8 subdomains
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N=8, h=2−6, Standard coarse space
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Standard coarse space, 8× 8 subdomains
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I Hat functions are poor approximations of discontinuous
functions !
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A discontinuous coarse space

I Piecewise linear functions along edges
I Discontinuous across cross points
I Also used for elliptic problems (Gander, Halpern &

Santugini 2012)
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Discontinuous coarse space, 8× 8 subdomains
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N=8, h=2−6, Discontinuous coarse space
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Discontinuous coarse space, 4× 4 subdomains
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N=4, h=2−6, Discontinuous coarse space

I Slower convergence since

κ ≈ C(1 + log(H/h))2
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Discontinuous coarse space, 4× 4 subdomains
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Conclusion

I NNWR with no coarse grid
I converges superlinearly, BUT...
I error grows initially for many subdomains.

I Optimal coarse grid in 1D
I cheap,
I convergence in 2 iterations.

I Coarse grid in 2D
I standard coarse grid not enough,
I use discontinuous, piecewise linear coarse space.

I Ongoing work
I Coarse space for 3D ?
I Superlinear convergence for coarse grids ?
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